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Abstract. Fixpoints are ubiquitous in computer science and when deal-
ing with quantitative semantics and veri�cation one often considers least
�xpoints of (higher-dimensional) functions over the non-negative reals.
We show how to approximate the least �xpoint of such functions, focusing
on the case in which they are not known precisely, but represented by a
sequence of approximating functions that converge to them. We concen-
trate on monotone and non-expansive functions, for which uniqueness
of �xpoints is not guaranteed and standard �xpoint iteration schemes
might get stuck at a �xpoint that is not the least. Our main contribution
is the identi�cation of an iteration scheme, a variation of Mann iteration
with a dampening factor, which, under suitable conditions, is shown to
guarantee convergence to the least �xpoint of the function of interest.
We then argue that these results are relevant in the context of model-
based reinforcement learning for Markov decision processes, showing how
the proposed iteration scheme instantiates and allows us to derive con-
vergence to the optimal expected return. More generally, we show that
our results can be used to iterate to the least �xpoint almost surely for
systems where the function of interest can be approximated with given
probabilistic error bounds, as it happens for probabilistic systems which
can be explored via sampling.

Keywords: Fixpoints, Approximation, Mann iteration, Markov Deci-
sion Processes

1 Introduction

Fixpoints are fundamental in computer science as they arise as a natural way
of providing a meaning to inductive and recursive de�nitions. When dealing
with systems or programming languages embodying quantitative aspects, such
as probability, time, or cost, we are often led to consider �xpoints of functions
associating states with real values. Fixpoints also occur in optimization methods
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Fig. 1: A Markov decision process

where one typically determines solutions that are stable under suitable trans-
formations. For instance, in probabilistic systems such as �nite Markov decision
processes (MDPs) [5], the expected payo� or the likelihood of satisfying a prop-
erty can be characterized as a (least) �xpoint, from which one can then derive
optimal policies.

The aim of this paper is to develop a theory of �xpoints for functions that
are not completely known but can be approximated. Estimating �xpoints of
unknown functions is a common task in computer science. In the aforementioned
optimization setting, a standard framework is the one in which the parameters
of a dynamic system of interest (e.g. probabilities, rewards, costs) are partially
unknown and can only be estimated by experimenting with the system. This is
exactly what happens in reinforcement learning, a branch of machine learning
that is intended to provide methods for learning optimal policies for an agent in
order to maximize rewards in an unknown dynamic environment.

We exemplify our motivations by focusing on MDPs and (a variant of) the
Dyna-Q algorithm [41,42,27]. Consider the MDP M in Figure 1 with state set
S = {s1, s2, s3, s4}. In each state s ∈ S, the agent can choose an action a from
an action set A = {b, c}. Performing an action a ∈ A in state s yields a successor
state s′ with a probability T (s, a, s′) and results in reward R(s, a, s′) (in the
picture, arrows are labelled T (s, a, s′) | R(s, a, s′); if a reward is 0, the vertical
line and the number 0 are omitted). Rewards can be discounted by a factor γ < 1
so that rewards obtained in the future are valued less than immediate rewards.

A typical aim is to determine a policy for the agent which maximises the
expected return. The expected return (also called payo� or total reward) q(s, a)
at state s taking action a can be naturally expressed by means of a recursive
equation, the so-called Bellman equation

q(s, a) =
∑
s′∈S

T (s, a, s′)(R(s, a, s′) + γ ·max
a′∈A

q(s′, a′)) (1)

stating that q(s, a) coincides with the (discounted) expected returns based on
the successor states. If we denote by gM : RS×A → RS×A the operator associ-
ated with the MDP, de�ned by gM (q)(s, a) =

∑
s′∈S T (s, a, s′)(R(s, a, s′) + γ ·

maxa′∈A q(s′, a′)), the equation reduces to q = gM (q) and the maximal expected
reward is the least �xpoint of gM (unique when γ < 1 and thus gM contractive).

Various techniques have been devised for determining such �xpoints. How-
ever, in reinforcement learning, the MDP describes the interaction with an envi-
ronment that is unknown or only partially known. In particular, the probabilities
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T (s, a, s′) of arriving in s′ after choosing action a in state s can only be esti-
mated, e.g., by sampling. In fact, a natural approach consists in interacting with
the model and record how many times one arrives in each state s′, after choosing
action a in s. If we denote by N(s, a, s′) this number, then T (s, a, s′) can be esti-
mated as N(s, a, s′)/

∑
s′′ N(s, a, s′′). Clearly, as we proceed and the number of

interactions increases, we can expect to obtain better and better approximations
of the MDP. For instance, the Dyna-Q algorithm starts from arbitrary values.
At each step, the model is sampled and updated, and then also the values q(s, a)
are updated by taking a weighted sum of the previously computed value and
the (γ-discounted) expectation of the return according to equation (1) (either
for selected pairs or for all pairs, the variant that we consider here) according to
the following schema:

q(s, a) := (1− α) · q(s, a) + α ·
∑
s′∈S

T (s, a, s′)(R(s, a, s′) + γ ·max
a′∈A

q(s′, a′)) (2)

which, using function gM , becomes q := (1−α) ·q+α ·gM (q). The weighted sum
makes the update more conservative, with a value of α closer to 0 giving more
relevance to the past knowledge. As the number of samplings increases, better
approximations of the MDP are obtained, leading to better q-values.

Several other model-based algorithms use variations of this scheme, where
the updates (determining the value vector and the optimal policy) and the ex-
ploration of the model are interleaved [33,27]. Model-free versions, such as Q-
learning [45] or SARSA [40], do not explicitly build a model of the MDP.

The schema (2) above resembles iteration algorithms for determining the
�xpoint of the function gM : RS×A → RS×A associated to the MDP. When
α = 1, we obtain Kleene iteration which converges to the least �xpoint for
monotone functions over a complete lattice, starting the iteration from the least
element. In general, it corresponds to a Mann iteration [6] which, under suitable
hypotheses, converges to a �xpoint of a continuous function starting from any
initial state. The twist here is that the function f is not �xed, but can only be
approximated, since the probabilities T (s, a, s′) (and possibly also the rewards
R(s, a, s′)) change and will be updated during the iteration.

Aim of the paper. Our aim is to develop a �xpoint theory of approximated func-
tions of which the scenario above is a special case. There is a large body of work
guaranteeing the existence of �xpoints for certain classes of functions and provid-
ing methods for computing them. This includes, for instance, Banach's �xpoint
theorem for contractive functions over complete metric spaces [4], Knaster-Tarski
theorem for monotone functions over complete lattices [43] that is frequently em-
ployed in computer science, and Kleene iteration [14].

There is much less work on how to compute (least) �xpoints for a func-
tion which is not known exactly, but can only be obtained by a sequence of
subsequently better approximations. As we will see, developing such a theory
is relatively simple when the functions of interest are contractions (or power
contractions) whose (repeated) application decreases the distance of two values
by a factor γ < 1. This is, for instance, true for reinforcement learning in the
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discounted case (cf. the proof of correctness of Q-learning [45] based on stochas-
tic approximation theory [7]). However, in this paper, we are also and, actually,
mostly interested in the non-discounted case (γ = 1) where the functions are just
non-expansive (the distance of two vectors after function application is bounded
by their original distance) and the aim is to determine their least �xpoints. We
remark that working on the non-discounted case is sometimes the only appropri-
ate choice, e.g., when the reward represents the likelihood of eventually satisfying
a given property.

We will concentrate on functions that are monotone and non-expansive with
respect to the supremum norm. Besides policy computation for MDPs, a num-
ber of other applications consider value vectors which can be characterized as
(least) �xpoints of functions of this kind, e.g., computing bisimilarity metrics [1],
solving (simple) stochastic games [12,28], or model-checking quantitative logics
on probabilistic systems [26,32].

Least �xpoints of simple functions are not easy to compute. As a warm up, we
consider some simple examples showing that computing the least �xpoint of an
approximated function is non-trivial. Let f : R≥0 → R≥0 be a non-expansive and
monotone function over the non-negative reals. A non-expansive function is also
continuous. Moreover, if it has a �xpoint, it has a least �xpoint µf which can be
computed by Kleene iteration, that is, the sequence 0, f(0), f2(0), . . . converges
to µf . Now, assume that f is not known exactly, but can only be approximated
via a sequence of functions fn converging to f . One might think that Kleene
iteration can be easily adapted to deal with this situation. We provide some
examples showing that, instead, non-trivial problems arise.

Example 1.1 (Non-continuity of the least �xpoint operator). Take f, fn : [0, 1] →
[0, 1], n ∈ N, with fn(x) =

1
n + (1− 1

n ) · x, f(x) = x, as depicted in Figure 2a.
The least (and only) �xpoint of each approximation fn is 1, while the least

�xpoint of f is 0. Hence, limn→∞ µfn = 1 ̸= 0 = µf , i.e., the least �xpoint
operator is non-continuous. In particular, trying to obtain an approximation of
the least �xpoint of f by naively performing a Kleene iteration on any �xed
approximation fn is doomed to fail, as we will always converge to 1 instead of 0.

Example 1.2 (Kleene over improving approximations fails). Take g, gn : [0, 1] →
[0, 1] with gn(x) =

1
n if x ≤ 1

n , gn(x) = x otherwise, and g(x) = x, as depicted
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in Figure 2b. In this case, limn→∞ µgn = 0 = µg, hence the sequence of least
�xpoints of the approximations will converge to the least �xpoint of g. But
imagine that we want to reuse intermediate results once we have obtained a
better approximating function. This is what is done in reinforcement learning
where one alternates sampling and iteration of the estimated value function. In
this scenario, this would mean that we have already obtained an approximation
of µg, based on a Kleene iteration with some gn. This will, however, over-estimate
the least �xpoint of g by 1/n and further iterating on the previously obtained
approximation of µg with �better� functions gm (m > n) will never decrease it.

Example 1.3 (Approximations might not have �xpoints). Let h, hn : R≥0 → R≥0

where hn(x) = x+ 1/n and h(x) = x. Here, functions hn have no �xpoint while
the least �xpoint of h is 0. We want to be able to compute µh even in such cases.

A �xpoint theory for approximated functions. As a �rst option, one could think
of con�ning the attention to contractive or power contractive functions, where
the problem mentioned above do not occur. This, however, would restrict appli-
cability to probabilistic systems that have some form of stopping condition which
typically produce functions of this kind (e.g. MDPs without end components)
or force the use of a discount factor.

Another option would be to restart the (Kleene) �xpoint iteration from
scratch for each newly obtained approximation fn, a technique, called reset-
ting in the paper, which resembles certainty equivalent methods in reinforce-
ment learning [30]. Even when this approach is viable, it precludes the reuse
of approximations obtained in a previous step, making it very ine�cient and
inadequate in scenarios where live value estimates are required.

We propose a solution that does neither: we allow non-expansive functions
and interleave sampling and �xpoint iteration, which allows us to continue from
previously computed approximations. The central idea is to combine the �xpoint
iteration with a dampening factor that can be seen as a form of discount factor
that �vanishes� over time. It is inspired by work in [29] which, however, does not
apply to our setting since it does not deal with approximations. Furthermore, it
puts stronger restrictions on the iteration parameters and the space where the
functions are de�ned, preventing its use for the applications we have in mind.

To be more precise, given a function f over d-tuples of positive reals we
propose what we call a dampened Mann iteration:

xn+1 = (1− βn) · (αn · xn + (1− αn) · f(xn)) (3)

The genesis of this recursion scheme can be explained as follows: As a �rst
step the right-hand side of a simple Kleene-iteration is replaced, as in the case
of Dyna-Q, with a weighted sum α · xn + (1 − α) · f(xn) for some parameter
α. Next, we allow this parameter to be potentially di�erent in every step, i.e.
for a �xed sequence (αn) in the unit interval we consider the sequence gener-
ated by the recursion xn+1 := αn · xn + (1 − αn) · f(xn). Recursion schemes of
this form are called Mann iterations and can in some cases be used to improve
convergence properties of the generated sequence to a larger class of functions
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f than only contractive functions. Indeed, one of the more elementary results
on Mann iterations states that if f : [a, b] → [a, b] is any continuous function
on a bounded interval, then choosing a parameter sequence (αn) with αn → 1
and

∑
n(1−αn) = ∞ guarantees that the corresponding Mann iteration always

converges to some �xed point of f for any choice of initial value x0 ∈ [a, b] [9].

There are many results that guarantee the (weak) convergence of a Mann
iteration in more general spaces under more restrictive assumptions on the func-
tion f and/or other assumptions on the parameter sequences [6,17]. The existing
results in the literature are, however, not directly applicable to the problem we
want to solve since the assumptions on the surrounding space are often too re-
strictive and, more importantly, since we speci�cally want to �nd the least �xed
point of a function. Note that a Mann iteration that starts on some �xed point
x0 of f which is not the least will get stuck there forever. For the notion of a
least �xed point to be well-de�ned we, on the other hand, will � unlike most
literature on Mann iterations we are aware of � always assume that the map f
is monotone with respect to the pointwise order.

To be able to always guarantee the convergence to the least �xed point and
also to deal with approximations later on, we add � as a last step � the dampening
factor (1− βn) to the iteration scheme.

Depending on the setting, we will require conditions on the coe�cients αn,
they must either converge to 0 (Mann-Kleene scheme) or to a value strictly
less than 1 (relaxed Mann-Kleene scheme). This is combined with a sequence
(1 − βn) of dampening factors such that limn→∞ βn = 0 and

∑
n βn = ∞. The

�rst condition ensures that we dampen less and less during the iteration so that
we converge to a Mann iteration, while the second condition guarantees that
the dampening factors always have enough �power� left to decrease an over-
approximation to the least �xpoint.

We will show that, for a �xed non-expansive and monotone function f , this
form of iteration converges to the least �xpoint of f starting from every point
in the domain. We will also identify su�cient conditions so that the scheme
works when in (3) function f is replaced by fn, a sequence of approximations
converging to f . The resulting theory will allow to treat the case of MDPs,
possibly non-discounted and with end-components.

For more general probabilistic systems which can be explored by sampling, we
will show how to iterate to the least �xpoint by making sure that the functions
are sampled �fast enough�: using the law of large numbers and Bernstein's in-
equality, one can estimate the probability that the functions fn are close enough
to f after some sampling. Then, based on the Borel-Cantelli lemma, we can give
an algorithm which guarantees convergence to the least �xpoint almost surely.

In summary, the main contributions of our work are:

� The de�nition of an iteration scheme, referred to as dampened Mann iter-
ation, which converges to the least �xpoint of a given non-expansive and
monotone function f from any starting point (Section 3).
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� The identi�cation of various su�cient conditions for applying such itera-
tion scheme in a setting wherethe function f is unknown and can only be
approximated via a sequence of functions fn converging to it (Section 4).

� The instantiation of dampened Mann iteration to the computation of the
maximal expected return for MDPs where the model is unknown and ex-
plored via sampling (Section 5).

� The instantiation of dampened Mann iteration to systems where the function
of interest can be approximated with given probabilistic error bounds (this
includes various probabilistic systems which can be explored via sampling)
(Section 5.4).

We view this work as an important step towards extending �xpoint theory to
deal with scenarios arising from machine learning and data-driven applications.

An extended version of the paper with full proofs of the results and some
additional material is available as [3].

2 Preliminaries and Notation

We introduce some basic notions and notation on �nite-dimensional real spaces
and Markov decision processes [5], that will be our main application.

2.1 Finite-Dimensional Real Spaces

We denote by R≥0 the set of non-negative reals, by N0 and N the sets of naturals
with and without 0, respectively. For sets X,Y , we will denote by Y X the set of
functions f : X → Y . If X is �nite, we will identify Y X with the set of vectors
Y |X|. For x ∈ Rd, we will write (x)i ∈ R for its i-th component and, by abuse
of notation, we will sometimes identify x ∈ R with the vector (x, . . . , x) ∈ Rd.

We equip Rd with the supremum norm de�ned as ∥x∥ = sup{|(x)i| | i ∈
{1, . . . , d}} for x ∈ Rd and extended to functions f : A → B, where A,B ⊆ Rd

by ∥f∥ = supx∈A ∥f(x)∥ ∈ [0,∞]. Given x ∈ Rd, we denote by |x| the vector in
Rd

≥0 de�ned by (|x|)i = |(x)i|. Note that ∥x∥ = ∥|x|∥.
For x, y ∈ Rd, we write x ≤ y for the pointwise (partial) order, i.e., (x)i ≤ (y)i

for all i ∈ {1, . . . , d}. A function f ∈ Y X with X,Y ⊆ Rd is monotone if, for all
x, x′ ∈ X, we have that x ≤ x′ implies f(x) ≤ f(x′). A �xpoint of f : X → X
is x ∈ X such that f(x) = x. The set of �xpoints of a function f is denoted by
Fix(f) and, in case it exists, the least �xpoint of f is denoted by µf .

A function f ∈ Y X with X,Y ⊆ Rd is L-Lipschitz for a constant L ∈ R≥0

if, for all x, x′ ∈ X, ∥f(x)− f(x′)∥ ≤ L∥x− x′∥. The function is non-expansive
if it is 1-Lipschitz. It is contractive if it is q-Lipschitz for some q < 1, and it is
a power contraction if there is some n ∈ N such that fn, the n-fold composition
of f , is a contraction. If f : X → X is a contraction (and, more generally, power
contraction) with X ⊆ Rd closed (hence complete), by Banach's theorem, it has
a unique �xpoint given by limn→∞ fn(x0) where x0 ∈ X is arbitrary.
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2.2 Markov Decision Processes

We will focus on Markov decision processes [5] in a non-discounted non-negative
reward setting.

De�nition 2.1 (Markov decision process). AMarkov decision process (MDP)
is a tuple M = (S,A, T,R) where S and A are the �nite sets of states and ac-
tions. Moreover T : S × A × S → [0, 1] provides the probability T (s, a, s′) of
transitioning from state s ∈ S to state s′ ∈ S when action a ∈ A is chosen, in
a way that

∑
s′∈S T (s, a, s′) ∈ {0, 1}. When

∑
s′∈S T (s, a, s′) = 1 we say that

action a is enabled in s and we write A(s) for the set of actions enabled in s.
Finally, R : S × A × S → R≥0 is a non-negative step-wise reward function. We
let F = F (M) := {s ∈ S | A(s) = ∅} and call it the set of �nal states. The
Markov decision process is a Markov chain if, for all s ∈ S, we have |A(s)| ≤ 1.

The idea is that M describes an interactive system that, when in state s,
transitions to another state s′ with probability T (s, a, s′) based on an action
a ∈ A(s) chosen by an external agent. Possible strategies of the agent can be
described by (positional) policies π : S\F → A with π(s) ∈ A(s) for any non-�nal
state s ∈ S \ F . We denote the set of all such policies by Π(M).

For MDPs, one is interested in �nding a policy that optimizes the expected
return. It should be noted that positional policies (as de�ned above) are su�cient
for optimal behaviour in �nite MDPs where the goal is to maximize the non-
discounted total reward [36]. The essential step often lies in �nding the (least)
�xpoint of a so-called Bellman operator. In reinforcement learning, one often
considers the state-action-value operator, discussed in the introduction, whose
�xpoint gives the expected optimal return q∗(s, a) at state s when taking action
a. Alternatively, one can consider the state-value operator fM whose �xpoint
gives the expected optimal return v∗(s) at state s. The two options are tightly
related, e.g., q∗(s, a) =

∑
s′∈S T (s, a, s′) · (R(s, a, s′)+v∗(s′)). Here we will focus

on the state-value operator since it allows for a simpler presentation. As we
are assuming a model-based scenario, approximations to the state-action values
q∗(s, a) can be retrieved using the above equation (with an appropriately close
approximation of T ).

De�nition 2.2 (Bellman operator). Given an MDP M = (S,A, T,R), the
( state-value) Bellman operator fM : RS

≥0 → RS
≥0 is de�ned, for v ∈ RS

≥0, by

fM (v)(s) = max
a∈A(s)

∑
s′∈S

T (s, a, s′)(R(s, a, s′) + v(s′)) (4)

In contrast to the usually treated discounted case, the operator fM is not nec-
essarily contractive. Hence, it might have several �xpoints or might not have any
�xpoint in RS

≥0, intuitively because the expected return might sum up to in�nity.
Hereafter, we will work with so-calledMDPs with �nite value, for which a �xpoint
exists. In Section 5.3, they will be characterized as those MDPs where positive
rewards are given only outside end-components. By a later result (Lemma 3.1),
existence of a �xpoint for the Bellman operator implies the existence of a least
�xpoint. For an MDP with �nite value M = (S,A, T,R), we let v∗M = µfM .
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3 Dampened Mann Iteration for Known Functions

We de�ne an iteration scheme for approximating, with arbitrary precision, the
least �xpoint of monotone and non-expansive functions over the non-negative
reals. It is a variation of Mann iteration [6] suitably modi�ed in order to be �ro-
bust� with respect to perturbations in the computation with the introduction of
a dampening factor [29,24]. In this section, we will focus on the case in which the
function of interest is known and identify conditions which ensure convergence
to the least �xpoint. The case in which the function can only be approximated
will be discussed in the next section.

3.1 Dampened Mann Iteration Scheme

We start by clarifying the class of functions of interest in the paper.

Assumption 1. Given a closed and convex set X ⊆ Rd
≥0 with 0 ∈ X, where

d ∈ N0 is a �xed arity, let f : X → X be monotone and non-expansive with
Fix(f) ̸= ∅.

Note that, under the above assumption, if f is a (power) contraction, by
Banach's theorem, it has a unique �xpoint, i.e., Fix(f) = {µf}. Otherwise, if f
is just non-expansive, the condition Fix(f) ̸= ∅ is non-trivial (e.g., the function
x 7→ x + 1 over R≥0 is monotone and non-expansive, but it has no �xpoints).
However, when Fix(f) ̸= ∅, we can show that f also admits a least �xpoint µf .

Lemma 3.1 (Existence of least �xpoints). Let X ⊆ Rd
≥0 be a closed set

with 0 ∈ X and let f : X → X be a monotone function with Fix(f) ̸= ∅. Then f
has a least �xpoint µf . Moreover, if f is continuous then µf = supn∈N fn(0).

Since our functions are non-expansive and thus continuous, by the lemma
above, the least �xpoint can be obtained by iterating the function on 0, according
to what is often called Kleene iteration (see, e.g. [14]).

However, as noted in the introduction, Kleene iteration is not �robust� with
respect to perturbations in the computation. For this reason, we introduce a
variation of a Mann iteration scheme.

De�nition 3.2 (Mann scheme/iteration). A (dampened) Mann scheme
S = ((αn)n∈N0

, (βn)n∈N0
) is a pair of parameter sequences in [0, 1) such that

lim
n→∞

βn = 0, (5)∑
n∈N0

βn = ∞ (or equivalently,
∏
n∈N0

(1− βn) = 0). (6)

A Mann-Scheme is called a Mann-Kleene scheme whenever limn→∞ αn = 0 and
a relaxed Mann-Kleene scheme if limn→∞ αn < 1.

Given a convex X ⊆ Rd
≥0 with 0 ∈ X, a Mann scheme S de�nes a sequence

(TS
n )n∈N0

of operators TS
n : XX ×X → X given by

TS
n (f, x) = (1− βn) · (αnx+ (1− αn)f(x)) .
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Together with a sequence (fn)n∈N0
of functions fn : X → X and an initial point

x0 ∈ X, it gives rise to a (dampened) Mann iteration F = (S, (fn), x0), deter-
mining a sequence (xF

n )n∈N0 de�ned as

xF
0 = x0, xF

n+1 = TS
n (fn, x

F
n ).

Note that the iteration can start at any point (not just 0). This might look
irrelevant in cases where the function of interest is known exactly, but it will be
extremely useful when it can only be approximated.

Intuitively, when trying to approximate the least �xpoint, Condition (5) en-
sures that dampening eventually reduces � meaning that, in the long run, when
we are close to the least �xpoint of f , we stay close to it. On the other hand, Con-
dition (6) guarantees that at any stage there is still enough �dampening power�
left to correct possible over-approximations. In the exact case, when fn = f for
all n, this is needed for the iteration to be convergent for all initial points. In the
approximated case, when (fn) converges to f , dampening will be indispensable
since over-approximations at some components can be introduced along the way.

3.2 Approximating the Fixpoint of Known Functions

For an approximation scheme to be reasonable, it should at least converge to
the correct solution µf when we use the exact function f at every step. Hence,
we �rst focus on the case in which fn = f for all n ∈ N0 and identify conditions
which ensure convergence. By abuse of notation, we will sometimes identify f
with the sequence (fn) with fn = f for all n ∈ N0.

De�nition 3.3 (Exact Mann scheme). Let S = ((αn), (βn)) be a Mann
scheme. We call it exact if for all f : X → X as in Assumption 1 and x0 ∈ X,
the sequence (xF

n ) generated by the iteration F = (S, f, x0) converges to µf .

One can prove that, for functions satisfying Assumption 1, even if the domain
X might not be bounded, the sequence generated by a Mann scheme is bounded.
However, in general, the sequence does not converge to the least �xpoint of f (and
it might not converge at all) without additional restrictions on the parameters.

We next prove that convergence of the iteration to the least �xed point is
ensured by working with Mann-Kleene schemes, i.e., Mann schemes satisfying

lim
n→∞

αn = 0. (7)

Intuitively, Condition (7) implies that the iteration gets closer and closer to a
Kleene iteration (in fact, when αn → 0, the operator TS

n (f, ·) tends to f).
Canonical choices of the parameters for obtaining a Mann-Kleene scheme are

βn = 1/n and either αn = 1/n as well or αn = 0 constantly. In the sequel we
sometimes start at xn with n > 0 rather than x0 to ensure that all parameters
are well-de�ned, particular when they are based on fractions such as 1/n.

Theorem 3.4 (Approximating the �xpoint of known functions). Every
Mann-Kleene scheme S is exact.
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Although so far we have only considered the case in which fn = f for every
n ∈ N0, Theorem 3.4 already yields a signi�cant improvement to the usual Kleene
approximation, where one sets xn+1 = f(xn): The Mann-Kleene iteration with
a non-expansive function converges to the least �xpoint of f for every starting
point x0 and not just for x0 = 0.

With some additional e�ort one can prove convergence also for relaxed Mann-
Kleene schemes where Condition (7) αn → 0 is relaxed to αn → α < 1. This for
instance allows to set αn = α ∈ [0, 1).

Corollary 3.5 (Convergence for relaxed Mann-Kleene). Every relaxed
Mann-Kleene scheme is exact.

Theorem 3.4 and Corollary 3.5 above instantiate to our main application
scenario, i.e., �nding the optimal value function of an MDP M and imply that,
given a (relaxed) Mann-Kleene scheme S, the iterations F = (S, fM , v0) yields
a converging sequence xF

n → v∗M for all initial values v0, q0. In fact, the domain
X = R≥0 is closed and the Bellman operator fM is monotone, non-expansive
and admit �xpoints (since we work with MDPs with �nite value).

4 Approximated Fixpoints of Approximated Functions

In this section, we are, more generally, interested in the least �xpoint of a func-
tion f under the assumption that we can get access only to a sequence (fn) of
approximations converging to f .

Assumption 2. Given a closed and convex set X ⊆ Rd
≥0 with 0 ∈ X where

d ∈ N0 is a �xed arity, let (fn) be a sequence of monotone and non-expansive
functions fn : X → X, pointwise converging to f : X → X with Fix(f) ̸= ∅.

Note that, under Assumption 2, also f is guaranteed to be monotone and
non-expansive. Furthermore, a standard result from analysis ensures that, given a
sequence (fn) of L-Lipschitz functions, fn : X → X, withX ⊆ Rd compact, if the
sequence converges to a function f , then the convergence is uniform. Therefore,
if we consider the function sequence (fn) only on a compact subset of X, we can
assume w.l.o.g. that it converges uniformly. Indeed, in the sequel we will often
show that the sequences generated by Mann iterations are bounded and use this
fact to restrict to a bounded and thus compact domain X ⊆ Rd

≥0.
Now, given an iteration scheme S that is exact, i.e., which works when it-

erating the exact function, a naive idea to construct a sequence of approxi-
mations (xn) of the least �xpoint of the target function f might be to per-
form resetting, i.e., to restart the iteration in each step and calculate xk as
TS
nk
(fk, T

S
nk−1(fk, . . . T

S
0 (fk, x0) . . . )), namely approximate µf by iterating ap-

propriately many times with an approximation fk su�ciently close to f .
However, as already noted, the least �xpoint operator µ is not continuous for

non-expansive functions, i.e., the sequence µfn might not converge to µf (see
Example 1.1). Even worse, the approximations might not even have a �xpoint
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(see Example 1.3). Hence, simply choosing an approximation fn su�ciently close
to f , and iterating with it, will not guarantee to get close to µf .

In the rest of this section we show that, under suitable assumptions, damp-
ened Mann schemes, which instead avoid restarting and properly reuse previous
iterates, work in the approximated setting given by Assumption 2. Here, Condi-
tion (6) on the dampening parameters (βn) is essential � even when the iteration
starts from 0 (bottom value) � as the approximations fn constantly introduce
errors, possibly causing over-approximations which need to be �dampened�.

One can show that the least �xpoint µf of the target function serves as an
asymptotic lower bound for all relaxed Mann-Kleene schemes.

Lemma 4.1. Under Assumption 2, given a relaxed Mann-Kleene scheme S and
arbitrary x0 ∈ X, consider the iteration F = (S, (fn), x0). If (x

F
n ) is bounded,

we have lim infn→∞ xF
n ≥ µf .

Moreover, restricting to the one dimensional case, i.e., for functions fn :
X → X with X ⊆ R≥0, the condition µf = limn→∞ µfn, ensures convergence
for every (relaxed) Mann-Kleene scheme.

Theorem 4.2 (Approximated Mann-Kleene - one dimension). Let
f, fn : X → X be as in Assumption 2 with d = 1, let S be a (relaxed) Mann-
Kleene scheme, x0 ∈ X, and consider the iteration F = (S, (fn), x0). If µf =
limn→∞ µfn then (xF

n ) converges to µf .

In the above result the hypothesis that limn→∞ µfn = µf is essential, wit-
nessed by the example below.

Example 4.3 (Mann-Kleene iteration converging to the wrong value). Consider
again Example 1.1 from the introduction, with f, fn : [0, 1] → [0, 1] where f(x) =
x and fn(x) = (1− 1/n) · x+ 1/n for n ∈ N. We choose the Mann-Kleene scheme
αn = 0, βn = 1/n, and iterate starting with x1 = 0. This generates a sequence
(xF

n ) such that xF
n+1 = n−1

2n and thus xF
n → 1/2 ̸= 0 = µf .

Theorem 4.2 does not generalise to the multidimensional case. As shown by
the example below, there are Mann-Kleene schemes satisfying limn→∞ µfn = µf
where iterating with the approximations does not even converge.

Example 4.4 (Mann-Kleene iteration diverging). Let f : [0, 1]2 → [0, 1]2 be the
�ip map given by f(x, y) = (y, x) and consider a sequence of maps fn : [0, 1]

2 →
[0, 1]2 as follows:

1. If n is even let fn = f and
2. if n is odd de�ne fn by fn(x, y) =

(
y⊖ εn, x⊕ εn

)
where εn := 2/n and ⊖,⊕

stand for truncated subtraction/addition in the interval [0, 1].

Then, the maps f and fn for n ∈ N are monotone and non-expansive. More-
over, fn converges (uniformly) to f and since fn(0, εn) = (0, εn) we also have
limn→∞ µfn = µf = (0, 0).
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However, if we choose the Mann-Kleene scheme S = ((αn), (1/n+1)), with
αn = 0 for all n, it is easy to check that the sequence (xF

n ) generated by the
iteration F = (S, (fn), (0, 1)) (starting at index 1) is given by

xF
n =

{
(n−2

n , 0) if n is odd

(0, n−1
n ) if n is even

for n > 1. Thus, both (1, 0) and (0, 1) are cluster points of (xF
n ). In particular,

the sequence (xF
n ) is not even asymptotically regular, i.e. ∥xF

n − xF
n+1∥ does not

converge to 0.

We provide a �rst positive result for the multidimensional case when the
limit function f is a power contraction. Power contractions naturally arise in the
study of MDPs. Hence this result will play an important role in Section 5.

Theorem 4.5 (Approximated Mann-Kleene - power contractions).
Let f, fn : X → X be as in Assumption 2 with f a power contraction. Given a
Mann-Kleene scheme S and x0 ∈ X, consider the iteration F = (S, (fn), x0).

Then, if (xF
n ) is bounded, it converges to the unique �xpoint of f .

Next we come to one of our main results for general non-expansive functions.
It provides su�cient conditions on the approximation sequence (fn), ensuring
that an exact Mann scheme converges to the least �xpoint when iterating with
approximations. Note that it applies, in particular, to (relaxed) Mann-Kleene
schemes which are known to be exact by Theorem 3.4 and Corollary 3.5.

Main Theorem 4.6 (Approximated Mann iteration). Let f, fn : X → X
be as in Assumption 2, let S be an exact Mann scheme, x0 ∈ X, and consider
the iteration F = (S, (fn), x0). Then (xF

n ) converges to µf if either

1. the sequence (fn) is monotone and µf = limn→∞ µfn or
2. the sequence (fn) converges normally to f , i.e.

∑
n∈N0

∥f − fn∥ < ∞.

It is remarkable that under the assumption of normal convergence of (fn) to
f , the sequence (xF

n ) converges to the correct solution even if limn→∞ µfn ̸= µf .
Combining with estimates obtained in Theorem 3.4 one can even calculate error
bounds εn (converging to 0) such that ∥xF

n − µf∥ ≤ εn for all n ∈ N0, provided
that we can calculate such estimates for ∥fn(0)− µf∥.

Example 4.7. Consider again the sequence of functions (fn) from Example 4.3.
We observed that the Mann-Kleene iteration does not converge to the least
�xpoint in this case. Indeed, (fn) does not converge normally as ∥fn − f∥ = 1/n.

However, let us consider a sped up sequence of approximations as to guaran-
tee normal convergence, e.g., put gn = fn2 and thus ∥gn − f∥ = 1/n2. If (xG

n) is
the sequence generated from (gn) by Theorem 4.6 we get limn→∞ xG

n = µf = 0.

Normal convergence intuitively expresses the fact that (fn) converges suf-
�ciently fast to f . In the context of a sampling-based approximation such as
model-based reinforcement learning, this can be obtained by taking a su�ciently
large number of samples. As we will discuss in Section 5.4, this number can be
bounded using quantitative versions of the law of large numbers.
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5 Value Functions of MDPs and Probabilistic Systems

5.1 MDP Sampling

We now come to our main application: approximating the optimal value functions
of MDPs in a model-based reinforcement learning setting. We show that damp-
ened Mann iteration on the Bellman operators of sampled MDPs always almost
surely converges to the optimal value function for any Mann-Kleene scheme.

For an MDPM = (S,A, T,R) we assume that the states, actions, and reward
function are known to the agent, and that the transition function is learned
through sampling in the following sense: For every state s ∈ S and every action
a ∈ A(s), there is a family of independent discrete random variables (Xs,a

n )n∈N
with range S de�ned on some probability space (Ω,A,P) whose distributions
are given by P[Xs,a

n = s′] = T (s, a, s′).
We let Tn be the maximum likelihood approximation to T after performing

n random experiments on each state-action pair, that means

Tn(s, a, s
′) :=

|{i ∈ {1, . . . , n} | Xs,a
i = s′}|

n
.

Note that, in particular, we never over-estimate a probability 0, i.e.

T (s, a, s′) = 0 ⇒ Tn(s, a, s
′) = 0 for all s, s′ ∈ S, a ∈ A(s). (8)

The n-th approximation of M is given by Mn = (S,A, Tn, R) with fn being
the value iteration functions of Mn. By the law of large numbers, we then infer
that P

[
limn→∞ Tn(s, a, s

′) = T (s, a, s′)
]
= 1 for all s, s′ ∈ S, a ∈ A(s). Hence

the sequence (fn) converges to the value iteration function f of M almost surely.

Assumption 3. Let M = (S,A, T,R) be an MDP with �nite value, let (Mn)
be given by a sampling process as described above with Tn → T . We denote by
fn : RS

≥0 → RS
≥0 and f : RS

≥0 → RS
≥0 the Bellman operators of Mn and M ,

respectively (see (1)).

Note that Assumption 3 implies Assumption 2. We can show that iterations
based on a Mann scheme using MDP functions stay bounded. Still, Theorem 4.6
does not apply directly since approximations are obtained by a generic sampling
process and thus convergence is neither monotone nor normal, in general. Still,
we can conclude using a combination of the results about convergence in the
�exact case� (Theorem 3.4) and for power contractions (Theorem 4.5). In order to
state the result more abstractly and concisely, we give a name to Mann schemes
satisfying the two mentioned properties.

De�nition 5.1 (Regular Mann scheme). A Mann scheme S is regular if

1. it is exact and
2. in the approximated setting (Assumption 2), the sequence (xF

n ) generated by
the iteration F = (S, (fn), x0) converges to µf for all x0 ∈ X, provided that
it is bounded and f is a power contraction.

By Theorem 3.4 and Theorem 4.5, all Mann-Kleene schemes are regular, while
it is currently unknown whether all relaxed Mann-Kleene schemes are regular.
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5.2 Simple MDPs

In general, the Bellman operators of MDPs are not contractions. We show that
if we restrict to a suitable subclass MDPs, they are power contractions. To single
out such class of MDPs, we recall the notion of (maximal) end-components [2,16].

De�nition 5.2 (Maximal end-components, simple MDPs). Let an MDP
M = (S,A, T,R) be given. A tuple (S′, A′) identifying a subprocess M ′ =
(S′, A′, T ′, R′) with T ′(s, a, s′) = T (s, a, s′) for all s, s′ ∈ S′, a ∈ A′(s) and
R′ = R

∣∣
S′×A′×S′ is called an end-component if the following conditions hold:

� F (M ′) = ∅,
� for all s ∈ S′, s′ ∈ S\S′, a ∈ A′(s), we have T (s, a, s′) = 0
� for all s, s′ ∈ S′, there exists a path in M ′ from s to s′.4

An end-component (S′, A′) is called maximal end-component (MEC) i� there
exists no larger end-component (with respect to (pointwise) inclusion). We will
write MEC(M) for the set of all maximal end-components of the MDP M .

We call an MDP M simple if MEC(M) = ∅.

Intuitively, an end-component is a strongly connected subset S′ of non-�nal
states such that each state has an action giving probability zero of leaving S′.

We now show convergence of regular Mann schemes for simple MDPs. The
proof proceeds by introducing a class of functions which we refer to as witness-
bounded functions, and proving convergence of a regular Mann scheme for func-
tions in this class. The result for simple MDPs follows by observing that the
corresponding Bellman operators are witness-bounded. A property playing a
prominent role is that the Bellman operator for simple MDPs is a power con-
traction, a result which is probably folklore (see e.g. [19]).

Theorem 5.3 (Convergence for simple MDPs). Let M,Mn be MDPs as
in Assumption 3. Given a regular Mann scheme S and an initial point v ∈ RS

≥0,

consider the iteration F = (S, (fn), v). If M is simple, then xF
n → v∗M .

5.3 General MDPs

When MDPs have end-components [2,11,22], the iteration functions are no longer
power contractions, which implies that they might not admit �xpoints. As an-
ticipated in Section 2.2, we will work under the assumption that all MDPs have
�nite value, i.e., the Bellman operator has a (�nite) �xpoint and thus a least
�xpoint. We observe here that MDPs with �nite value can be naturally charac-
terized as MDPs where no reward is given inside end-components. As observed
later in Remark 5.9 this setting generalises MDPs with discounted return.

4 Given two states s, t ∈ S, a path from s to t is a sequence s0 = s, s1, . . . , sk = t ∈ S
and a1, . . . , ak ∈ A with aj ∈ A(sj−1) and T (sj−1, aj , sj) > 0 for all 1 ≤ j ≤ k.



16 P. Baldan, S. Gurke, B. König, T. Padoan, and F. Wittbold

Lemma 5.4 (Characterising MDPs with �nite value). An MDP M has
a �nite value, i.e., its Bellman operator fM has a (least) �xpoint, if and only if
for all maximal end-components (S′, A′) and all s ∈ S′, a ∈ A′(s), and s′ ∈ S′

with T (s, a, s′) > 0, we have R(s, a, s′) = 0.

Still, the existence of multiple �xpoints, with the possibility of getting stuck
at a �xpoint that is not the least, brings additional complications. An idea
explored in the literature [11,22] is to work on an MDP obtained from the original
one by quotienting each MEC into a single node. In order to deal with this
quotient we need some notation. Given a function r : S → Q, we de�ne:

� Reindexing : r• : RQ
≥0 → RS

≥0 de�ned, for all w ∈ RQ
≥0, by r•(w) = w ◦ r

� Maximum: maxr : RS
≥0 → RQ

≥0 de�ned, for all v ∈ RQ
≥0 and e ∈ Q by

maxr(v)(e) = max{v(s) | s ∈ S ∧ r(s) = e}.

When dealing with quotients, it is convenient to work with MDPs M =
(S,A, T,R) where the action sets for di�erent states are disjoint, i.e., for s, s′ ∈ S
if s ̸= s′ then A(s)∩A(s′) = ∅. It is clear that any MDP can be transformed into
an equivalent MDP with disjoint action sets simply by relabelling the actions,
without changing the value or Bellman function, whence we will, from now on,
w.l.o.g., work under the disjointness assumption.

De�nition 5.5 (Quotient MDP). Let M = (S,A, T,R) be an MDP with
�nite value. Let ≡ denote the equivalence identifying states in the same MEC.
Consider r : S → S/≡ de�ned by mapping each state to its equivalence class:
r(s) = [s]. The quotient MDP is Mr = (Sr, Ar, Tr, Rr) where Sr = S/ ≡,
Ar([s]) =

⋃
s′∈[s] A(s′). Moreover, for s, s′ ∈ S, a ∈ A(s):

T r([s], a, [s
′])) =

∑
s′′∈[s′]

T (s, a, s′′) Rr([s], a, [s
′]) =

∑
s′′∈[s′] T (s, a, s

′)R(s, a, s′)

T r([s], a, [s′])
.

The reduced quotient M̂r is de�ned as the MDP derived from Mr by removing
self-loops, i.e., modifying the de�nition of the set of enabled actions as follows:

Âr([s]) = Ar([s]) \ {a ∈ Ar([s]) | T r([s], a, [s]) = 1}.

and adapting T̂r accordingly.

The quotient is an MDP with only singleton end-components, i.e., states
with actions producing self-loops. Since the reduced quotient is obtained from
the quotient by removing self-loops, it clearly has no end-components, allowing
to reuse results from Section 5.2.

The following proposition restates results from [11,22] on collapsing MECs.

Proposition 5.6 (Fixpoints of non-discounted MDPs). Let M be an
MDP with �nite value. Let M̂r be the reduced quotient. Then v∗M = r•(v∗

M̂r
).

We show that for the successive approximation of (the value iteration func-
tion of) an MDP by sampling as described above, the least �xpoints of the
approximations always converge to the least �xpoint of the underlying MDP.
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Theorem 5.7. Under Assumption 3, we have limn→∞ µfn = µf .

Now, we can show that, also for general MDPs, a dampened Mann iteration
based on a regular Mann scheme converges to the optimal value function.

Main Theorem 5.8 (Mann iteration over MDPs). Let M,Mn be MDPs
as in Assumption 3. Given a regular Mann scheme S and any v ∈ RS

≥0, consider

the iteration Fa = (S, (fn), v), generating a sequence (vF
a

n ). Then limn→∞ vF
a

n =
v∗M = µfM .

The proof �rst shows that µfM serves as a lower bound to the limit of (vF
a

n ),
making use of the fact that the expected return for an MDP is the maximum of
the expected return of the Markov chains over all possible policies. As, further-
more, any state in an end-component of a Markov chain has expected return 0,
the iteration generated by their reduced quotients can serve as a lower bound
to the iteration of interest, which together with the above observation yields µf
as a lower bound. The crux of the proof is to show that µf also serves as an
upper bound. Roughly the idea is to show that iterating on the quotient MDPs
generates a sequence (vn) over-approximating the actual sequence (vF

a

n ). Using
the fact that reduced quotients are simple MDPs one can build on the results of
Section 5.2 to deduce that limn→∞ vF

a

n is below µfM .

Remark 5.9. In the context of (model-based) reinforcement learning, usually the
discounted total reward criterion is used, that is the aim of the agent is to opti-
mize the discounted total reward for some discount factor γ < 1, as described in
Section 1. This setting yields some desirable properties, mainly that the resulting
discounted Bellman operator is contractive, making the optimal value its unique
�xpoint and always well-de�ned. It can also be motivated by interpreting it as a
scenario in which the agent prefers an immediate reward over long-term rewards
or where the system terminates at any step with probability 1− γ.

However, we remark that the discounted setting can be interpreted as a
special case of the non-discounted one by adding a sink state which is reached
by every state with probability 1 − γ (akin to its interpretation as a system
that stops with probability 1 − γ in each step). Then the resulting MDP is
not only simple in the sense of De�nition 5.2 but its Bellman operators are,
with slight modi�cations, also contractions whence we can apply Theorem 5.8
to derive convergence results. In particular, this gives a convergence result of
simple versions of model-based algorithms such as the Dyna-Q algorithm [41,42]
where we consider only full-sweep updates and no direct update step.

5.4 Reaching the Least Fixpoint by Fast Iteration

In the previous section we proved a convergence result for MDPs, approximated
by sampling. It would be desirable to extend such results to more general set-
tings involving probabilistic systems which are explored by sampling. Indeed,
our results allow the formulation of a generic algorithm that can compute a se-
quence of values converging to the least �xpoint of f almost surely. This can be
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Algorithm 1:Dampened Mann Iteration with Probabilistic Guarantees

1 Input: A map n 7→ fn such that (fn) uniformly converges to f almost surely.
Parameters γi, δi ∈ R≥0 such that γi > 0 and

∑
i∈N γi < ∞ (analogously for δi)

2 Output: A sequence (xi) in Rd
≥0

3 x0 := 0;
4 i := 0;
5 while true do

6 Choose ni such that P
[
∥fni − f∥ ≥ γi

]
≤ δi;

7 xi+1 := (1− βi) ·
(
αi · xi + (1− αi) · fni(xi)

)
;

8 i := i+ 1;

9 end

done in all cases where we can estimate the error ∥fn − f∥ at least with a cer-
tain probability. The procedure, reported in Algorithm 1, relies on a very simple
idea: make sure algorithmically that the sequence (fn) converges normally to
f almost surely. The correctness of the procedure follows by the Borel-Cantelli
Lemma [8].

Theorem 5.10. For exact Mann schemes the sequence (xi) produced by Algo-
rithm 1 converges to the least �xpoint of f almost surely.

The only precondition for the algorithm is that the indices ni in line 6 can be
chosen e�ectively. When the sequence (fn) is generated by a sampling process
as described above, this can often be done by using Bernstein's inequality [25] �
a quantitative version of the law of large numbers. If we sample the transition
probabilities Tn(s, a, s

′) as detailed in Section 5.1, we can estimate the error as
below, which allows us to computationally determine the indices needed in line
4 of the algorithm:

P
[
|Tn(s, a, s

′)− T (s, a, s′)| ≥ ε
]
≤ 2e−2ε2n

As an example, the described technique can be used to deal with (simple)
stochastic games (This is fully detailed in the extended version of the paper [3]).

6 Conclusion

Related Work. There has been a signi�cant amount of research on convergence
properties of Mann iterations of non-expansive maps. However, most of the ex-
isting literature deals with the undampened case and only a single function f ,
i.e., with a scheme de�ned by xn+1 = αnxn + (1− αn)f(xn).

It is known [10] that in every Banach space and for every non-expansive f
with at least one �xpoint this scheme produces a sequence which is f -asymptotically
regular (i.e. ∥xn − f(xn)∥ → 0) for all parameter sequences (αn) with

∑
(1 −

αn) = ∞. In general the sequence does not need to converge. (Weak) convergence
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is shown under additional assumptions on the map f and/or the surrounding
space in various places (see for example [38,6,17]).

Dampened versions similar to ours have been considered in [29] where the
authors show convergence to a �xpoint under strong additional assumptions on
the parameter sequences in a uniformly smooth Banach space and in [46] where
convergence is shown for more general parameter sequences in Hilbert spaces.

Here, in addition, we deal with the case where the function f can only be
approximated. Motivated by the applicability to MDPs, we consider the case of
monotone non-expansive functions in �nite-dimensional Banach spaces with the
supremum norm, which are neither uniformly smooth nor Hilbert spaces. They
are not even uniformly convex as is assumed e.g. in [38]. We also introduced
a probabilistic setting and devised a generic algorithm, which applies in many
situations and guarantees almost sure convergence to the least �xpoint of f .

As mentioned earlier, our work is inspired by the integration of reinforcement
learning algorithms with �xpoint theory [45,33,40,30], and in particular by the
Dyna-Q algorithm [41,42,27]. Reinforcement learning techniques are by now a
central ingredient in machine learning and we plan to strengthen the foundations
behind this method.

There is some similarity of our results to the theory of stochastic approxima-
tion [7,18,31], going back to [39], which has also been employed in the correctness
proof of Q-learning [45]. Stochastic approximation deals with a root �nding prob-
lem where the function contains an error term with expected value zero. In that
line of work, the function itself is stochastic with known expected value, while
we separate the (approximated) �xpoint theory from the probabilistic setting
by checking that we converge almost surely via sampling. More importantly, the
focus in stochastic approximation is to consider either contractions (with unique
�xpoints) or convergence to some �xpoint, while the case of convergence to the
least �xpoint is not treated. Hence there is no machinery for leaving a �xpoint
once it is reached, such as we have by employing a dampening factor.

In order to obtain our results on MDPs, the notion of end-components is
quite fundamental. For an introduction to end-components see [2], while the
connection of non-uniqueness of �xpoints of MDP functions to end-components
was exploited in [11,22] in order to compute the correct expected return by
collapsing maximal end components. In [11] the authors assume � as we do �
that MDPs are not known exactly but are sampled. They present a di�erent
solution by collapsing maximal end-components, which is unnecessary in our
approach.

Numerical Experiments. We made several numerical experiments that are re-
ported in the extended version [3]. For unknown functions the outcome can be
summarized as follows: in terms of precision, the results are comparable to �re-
setting�, where � for some n � we perform the iteration from 0 with the current
approximation fn. Compared to our suggested form of iteration, resetting has
the disadvantage that the results vary highly with the quality of the current
approximation and that intermediate results are not available.
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Future Work. For future work we are in particular interested in the case of pa-
rameter sequences where αn converges to one and the question is whether we can
still guarantee convergence to µf . This would be interesting, since such parame-
ters are for instance used in the context of Q-learning [45]. Our long-term aim is
to devise a �xpoint theory of approximated functions for which a large number
of reinforcement learning algorithms are special cases. Here we concentrated on
model-based reinforcement learning, for model-free reinforcement learning we
need a theory that allows updates with a sampled value rather than with the
current best approximation and we plan to work with the weaker assumption
that the limit-average of the functions fn converges to f (rather than the func-
tions themselves). This has some overlap to stochastic approximation theory as
discussed above, even though we do not consider stochastic functions. Hence we
plan to partially build on the results obtained in that area.

To properly match reinforcement learning algorithms we will look into chaotic
and asynchronous iteration [13,21] where one can iterate at di�erent speeds at
various states. This is useful when traversing an MDP or stochastic system,
making updates on-the-�y and locally when better estimates are obtained.

We will also investigate how to iterate to the greatest �xpoint rather than
the least, either by dualizing or adapting ideas from [29,24] on iterating to the
�xpoint closest to a given value. Including rewards from di�erent domains, such
as negative rewards, is also a direction of future work.

We plan to identify more cases where approximated �xpoint iteration works
out of the box. For instance, we mentioned that simple stochastic games are
covered by the results in Section 5.4, but there we needed a way to enforce fast
convergence. We will investigate whether the case of simple stochastic games
(and related applications) works with the standard iteration scheme. Due to
Example 4.4 it is clear that this will not be true for all approximated functions,
but we plan to �nd requirements weaker than the current ones.

Moreover we will further look into error estimates, making guarantees of
the form �with probability p the error is below ε�. In the case of MDPs, even
when they are known exactly, determining upper/lower bounds and thus error
estimates already requires some non-trivial techniques, such as the results in
[22,37,23]. It is our aim to generalize these results to the case where the proba-
bilities associated to the MDP are not known exactly and, in this case, we expect
to obtain probabilistic error estimates.
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A Proofs and Additional Material for �2 (Preliminaries
and Notation)

For a �xed policy π ∈ Π(M), the MDP can be interpreted as a Markov chain
by removing all actions not prescribed by the policy. We denote this Markov
chain by Mπ, the corresponding state-value iteration functions fπ

M = fMπ , and
its least �xpoints by vπM = µfπ

M . Then fM (v)(s) = maxπ∈Π(M) f
π
M (v)(s) and,

by existence of memoryless optimal policies, v∗M (s) = maxπ∈Π(M) v
π
M (s).

B Proofs and Additional Material for �3 (Dampened
Mann Iteration for Known Functions)

Lemma 3.1 (Existence of least �xpoints). Let X ⊆ Rd
≥0 be a closed set

with 0 ∈ X and let f : X → X be a monotone function with Fix(f) ̸= ∅. Then f
has a least �xpoint µf . Moreover, if f is continuous then µf = supn∈N fn(0).

Proof. Let Y = {x ∈ X | ∀z ∈ Fix(f) : x ≤ z}, i.e., Y is the set of elements of
X below all �xpoints of f .

Observe that Y is a pointed dcpo. In fact, it has a bottom element 0 ∈ Y .
Moreover, given any directed set D ⊆ Y , its supremum d = supD, obtained as
the pointwise supremum, is in Y . In fact, for all components i = {1, . . . , d}, we
can consider a sequence (xi,n) such that supn(xi,n)

i = (d)i. Using the fact that
D is directed we can obtain a sequence (yn) in D such that xn,i ≤ yn for all
i ∈ {1, . . . , d}. Then supn yn = d and thus d ∈ X by closedness. Moreover, since
each yn ∈ Y , for all z ∈ Fix(f), we have yn ≤ z and thus d = supn yn ≤ z.
Therefore d ∈ Y , as desired.

Additionally observe that for all x ∈ Y we have f(x) ∈ Y . In fact, take x ∈ Y .
For all z ∈ Fix(f) it holds x ≤ z and thus, by monotonicity f(x) ≤ f(z) ≤ z.
Hence f(x) ∈ Y .

By the above observation, we can consider the restriction of f to Y , de-
noted f

∣∣
Y
: Y → Y . We have that f

∣∣
Y
is a monotone function over a dcpo. By

Pataraia's theorem [35,15], f
∣∣
Y
has a least �xpoint, which is clearly a �xpoint

of f and it is the least by de�nition of Y .
The last part follows immediately by the fact that whenever f and thus f

∣∣
Y

is continuous µf = µf
∣∣
Y
= supn∈N f

∣∣
Y

n
(0) = supn∈N fn(0).

Conditions (5) and (6) are indeed necessary as shown by the examples below:

� for f : [0, 1] → [0, 1], x 7→ 1 and x0 ∈ X arbitrary, we have

xF
n+1 = (1−βn)(αnx

F
n +(1−αn)f(x

F
n )) = (1−βn)(αnx

F
n +1−αn) ≤ (1−βn).

Hence, if xF
n → 1 = µf , then also βn → 0.

� for f = id: [0, 1] → [0, 1], x 7→ x and x0 > 0 arbitrary, we have

xF
n+1 = (1− βn)(αnx

F
n + (1− αn)x

F
n ) = (1− βn)x

F
n = x0

n∏
k=0

(1− βk).
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Hence, if xF
n → 0 = µf , then necessarily also

∏
n∈N0

(1− βn) = 0.

Lemma B.1. Under Assumption 1, for any Mann scheme S = ((αn), (βn)) and
x0 ∈ X, the sequence (xF

n ) generated by the iteration F = (S, f, x0) is bounded.
In fact, for all x̄ ∈ Fix(f) and n ∈ N

∥xF
n − x̄∥ ≤ max(∥x̄∥, ∥x0 − x̄∥)

Proof. Let x̄ ∈ Fix(f). Then, for all n ∈ N0, we have

∥xF
n+1 − x̄∥ ≤ βn∥x̄∥+ (1− βn)∥αn(x

F
n − x̄) + (1− αn)(f(x

F
n )− x̄)∥

≤ βn∥x̄∥+ (1− βn)∥xF
n − x̄∥

≤ max(∥x̄∥, ∥xF
n − x̄∥).

Inductively, we immediately conclude.

Theorem 3.4 (Approximating the �xpoint of known functions). Every
Mann-Kleene scheme S is exact.

Proof. let S be a Mann-Kleene scheme. Let f as in Assumption 1 and let x0 ∈ X.
Consider the iteration F = (S, f, x0) and let (xF

n ) the sequence generated.
Assume without loss of generality that αn = 0 for all n. De�ne a map s : N →

R by
s(n) := ∥fn(0)− µf∥

By Kleene's Theorem the map s is non-increasing and limn→∞ s(n) = 0. We
already know by Lemma B.1 that the sequence (xF

n ) is norm bounded, that
means we can choose M such that ∥µf∥+∥xF

n −µf∥ ≤ M for all n ∈ N0. De�ne
for all n ∈ N a number δn as

δn := min
{
s(k) +M

m+k−1∑
i=m

βi | n = m+ k
}

It is easy to see that δn → 0. We claim that xF
n ≥ µf − δn. Fix a partition

n = m+ k and note that fk(xF
m) ≥ fk(0) and therefore

xF
m+k ≥ fk(0)−M

m+k−1∑
i=m

βi ≥ µf −
(
s(k) +M

m+k−1∑
i=m

βi

)
For an upper bound de�ne ηn := M ·

∏n−1
i=0 (1 − βi). By assumption on the

sequence (βn) we know that limn→∞ ηn = 0. Let (yn) be the dampened Mann
Iteration with the same parameters but starting from 0, then yn ≤ µf for all
n ∈ N and by induction we see that

∥xF
n − yn∥ ≤ ∥x0 − y0∥ ·

n−1∏
i=0

(1− βi) ≤ M ·
n−1∏
i=0

(1− βi)



26 P. Baldan, S. Gurke, B. König, T. Padoan, and F. Wittbold

In particular xF
n ≤ µf + ηn. Putting εn := max{δn, ηn} we obtain

∥xF
n − µf∥ ≤ εn

with limn→∞ εn = 0. The case where (αn) only converges to 0 is analogous (see
the proof of Lemma 4.1).

Corollary 3.5 (Convergence for relaxed Mann-Kleene). Every relaxed
Mann-Kleene scheme is exact.

Proof. Let S be a relaxed Mann-Kleene scheme and let x0 ∈ X. Consider the
sequence (xF

n ) determined by the iteration F = (S, f, x0). For showing that it
converges to µf , we can use the upper bound given in the proof of Theorem 3.4
and, for the lower bound, we use the more general Lemma 4.1.

C Proofs and Additional Material for �4 (Approximated
Fixpoints of Approximated Functions)

Lemma 4.1. Under Assumption 2, given a relaxed Mann-Kleene scheme S and
arbitrary x0 ∈ X, consider the iteration F = (S, (fn), x0). If (x

F
n ) is bounded,

we have lim infn→∞ xF
n ≥ µf .

Proof. For the sake of readability, we write xn := xF
n . Since (xn) is bounded, we

can w.l.o.g. assume that (fn) is uniformly converging.
We de�ne M := supn∈N0

∥xn − µf∥ + ∥µf∥ (< ∞ by assumption). Further-
more, we de�ne α′

n := αn−α
1−α (with α = limn→∞ αn < 1) and f ′

n = (1−α)fn +α
so that

xn+1 = (1− βn)(αnxn + (1− αn)fn(xn)) = (1− βn)(α
′
nxn + (1− α′

n)f
′
n(xn)).

Note that α′
n ∈ (−∞, 1], α′

n → 0, and all f ′
n are monotone, non-expansive, and

converge to f ′ = (1− α)f + α.
We write sn = ∥(f ′)n(0)− µf∥ and, for k,m ∈ N0,

tkm :=

m+k−1∑
i=m

(

m+k−1∏
ℓ=i+1

|1− α′
ℓ|)(|1− α′

i|∥f ′
i − f ′∥+M(2|α′

i|+ βi)).

For n ∈ N0, we then de�ne

δn := min{sk + tkm | n = m+ k}.

We note that, by Kleene's theorem and µf = µf ′, we have sk → 0 and, for each
k ∈ N0, also tkm → 0 since α′

i → 0, ∥f ′
i − f ′∥ → 0, and βi → 0. Thus, it is clear

that also δn → 0.
Now, for n+ 1 = m+ k, we have

∥xn+1 − (f ′)k(xm)∥
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≤ (1− βn)∥α′
n(xn − (f ′)k(xm)) + (1− α′

n)(f
′
n(xn)− (f ′)k(xm))∥

+ βn∥(f ′)k(xm)∥
≤ |1− α′

n|∥f ′
n(xn)− (f ′)k(xm)∥+ |α′

n|∥xn − (f ′)k(xm)∥+ βnM

≤ |1− α′
n|(∥xn − f ′k−1(xm)∥+ ∥f ′

n − f ′∥) +M(2|α′
n|+ βn)

≤ |1− α′
n|∥xn − f ′k−1(xm)∥+ |1− α′

n|∥f ′
n − f ′∥+M(2|α′

n|+ βn)

≤
n∑

i=m

(

n∏
ℓ=i+1

|1− αℓ|)(|1− α′
i|∥f ′

i − f ′∥+M(2|α′
i|+ βi))

= tkm

In particular, since f ′k(xm) ≥ f ′k(0) (f ′ is monotone), we have

xm+k ≥ f ′k(0)− tkm ≥ µf − δm+k.

From this, the following corollary immediately follows.

Corollary C.1. Under Assumption 2, given a relaxed Mann-Kleene scheme S
and arbitrary x0 ∈ X, we consider the iteration F = (S, (fn), x0). Then, we
have limn→∞ xF

n = µf if and only if lim supn→∞ xF
n ≤ µf .

Theorem 4.2 (Approximated Mann-Kleene - one dimension). Let f, fn :
X → X be as in Assumption 2 with d = 1, let S be a (relaxed) Mann-Kleene
scheme, x0 ∈ X, and consider the iteration F = (S, (fn), x0). If µf = limn→∞ µfn
then (xF

n ) converges to µf .

Proof. Assume that (fn) converges pointwise to f with limµfn = µf in a one-
dimensional problem. In particular, the sequence (µfn) is bounded by some
constant C. Consider the monotone and non-expansive function fC : R≥0 → R≥0

given by

fC(x) =

{
C if x ≤ C

x if x ≥ C

Note that by monotonicity and non-expansiveness we have fn ≤ fC for all n.
Denote by (yn) the sequence obtained from the iteration (S, fC , x). Then xF

n ≤
yn for all n and since (yn) converges by exactness of S, we can conclude that
(xF

n ) is bounded. In fact, for any C > µf the inequality fn ≤ fC does hold for
all su�ciently large n and therefore lim supn→∞ xF

n ≤ µf .
Since (xF

n ) is bounded we may assume that (fn) converges to f uniformly.
This implies that lim infn→∞ xF

n ≥ µf by Lemma 4.1.

Theorem 4.5 (Approximated Mann-Kleene - power contractions). Let
f, fn : X → X be as in Assumption 2 with f a power contraction. Given a Mann-
Kleene scheme S and x0 ∈ X, consider the iteration F = (S, (fn), x0).

Then, if (xF
n ) is bounded, it converges to the unique �xpoint of f .
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An inspection of the proof shows that the result above actually holds even if
the scheme S does not satisfy Condition (6).

For the proof we use the following result of Walter:

Theorem C.2 ([44]). Let (X, d) be a complete metric space, f : X → X be a
Lipschitz continuous power contraction and x∗ be the unique �xpoint of f . Let
(yn) be any sequence in X and de�ne εn := d(yn+1, f(yn)), then

lim
n→∞

yn = x∗ ⇐⇒ lim
n→∞

εn = 0

Proof (Proof of Theorem 4.5). Since αn → 0 and βn → 0, the sequence (TF
n (fn, ·))

converges pointwise to f . Since by assumption (xF
n ) lives on a bounded domain,

we can assume without loss of generality that the convergence is uniform. Hence
(instantiating Theorem C.2 with yn = xF

n ) we get

εn = ∥xF
n+1 − f(xF

n )∥ = ∥Tn(fn, x
F
n )− f(xF

n )∥ ≤ ∥Tn(fn, ·)− f∥ → 0

Therefore (xF
n ) converges to the �xpoint of f .

At the cost of restricting to proper contractions, we can prove a version of
this result for other choices of parameter sequences (in particular, ones with
αn → 1).

Theorem C.3. Under Assumption 2 with a contraction f , given a Mann scheme
S ful�lling the additional conditions limn→∞ αn = 1,

∑
n∈N(1 − αn) = ∞ and

limn→∞ βn/(1 − αn) = 0 (but not necessarily Condition (6)), and x0 ∈ X,
consider the iteration F = (S, (fn), x0).

Then, if the sequence (xF
n ) is bounded, it converges to the �xpoint of f .

Proof. Let q < 1 be a contraction factor for f . Since the sequence (xF
n ) is

bounded by hypothesis, we can assume that fn → f uniformly. By Theorem C.2,
it su�ces to show that ∥xF

n+1−f(xF
n )∥ → 0. We will show the stronger statement

that the sequence (sn) with

sn := ∥xF
n+1 − f(xF

n )∥+ q∥xF
n − xF

n+1∥

converges to zero.
To this end, note that

∥xF
n+1 − f(xF

n )∥
= ∥(1− βn)(αnx

F
n + (1− αn)fn(x

F
n ))− f(xF

n )∥
≤ (1− βn)αn∥f(xF

n )− xF
n ∥+ βn∥f(xF

n )∥+ (1− αn)∥f − fn∥

and

∥xF
n − xF

n+1∥
= ∥(1− βn)(αnx

F
n + (1− αn)fn(x

F
n ))− xF

n ∥
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≤ (1− βn)(1− αn)∥f(xF
n )− xF

n ∥+ βn∥xF
n ∥+ (1− αn)∥f − fn∥

Therefore, we can choose a constant C such that

sn = ∥xF
n+1 − f(xF

n )∥+ q∥xF
n − xF

n+1∥
≤ (1− (1− q)(1− αn))∥f(xF

n )− xF
n ∥+ βnC

+ (1− αn)∥f − fn∥
= (1− (1− q)(1− αn))∥f(xF

n )− xF
n ∥

+ (1− αn)(βn/(1− αn))C + (1− αn)∥f − fn∥
≤ (1− (1− q)(1− αn))

(
∥f(xF

n−1)− xF
n ∥

+ ∥f(xF
n )− f(xF

n−1)∥
)
+ (1− αn)(βn/(1− αn))C + (1− αn)∥f − fn∥

≤ (1− (1− q)(1− αn))
(
∥f(xF

n−1)− xF
n ∥+ q∥xF

n − xF
n−1∥

)
+ (1− αn)(βn/(1− αn))C + (1− αn)∥f − fn∥

= (1− (1− q)(1− αn))sn−1 + (1− αn)((βn/(1− αn))C + ∥f − fn∥)

It now follows from Lemma 4 in [29] that sn → 0.

Main Theorem 4.6 (Approximated Mann iteration). Let f, fn : X → X
be as in Assumption 2, let S be an exact Mann scheme, x0 ∈ X, and consider
the iteration F = (S, (fn), x0). Then (xF

n ) converges to µf if either

1. the sequence (fn) is monotone and µf = limn→∞ µfn or

2. the sequence (fn) converges normally to f , i.e.
∑

n∈N0
∥f − fn∥ < ∞.

Proof. Throughout the proof we denote by (xn) the sequence obtained from the
iteration (S, f, x0). By exactness of S we know that (xn) converges to µf .

1. Note that in the case where (fn) is increasing, that means f1 ≤ f2 · · · ≤ f ,
the condition µf = limµfn is satis�ed automatically, by the Scott-continuity
of the �xpoint operator µ.

Assume without loss of generality that f1 ≥ f2 ≥ · · · ≥ f , then also µf1 ≥
µf2 ≥ · · · ≥ µf . For a �xed m consider the sequence (yn) that is inductively
de�ned by y0 = xF

m and

yn+1 =
(
αnyn + (1− αn)fm(yn)

)
· (1− βn)

It is easy to see by induction that yn ≥ xa
m+n for all n ∈ N. Also, by

exactness of S, the sequence (yn) converges to µfm and therefore every
cluster point p of (xF

n ) satis�es p ≤ µfm. Since m ∈ N is arbitrary we obtain
that p ≤ infm µfm = µf . Similarly, since f ≤ fn for all n ∈ N, we have
xn ≤ xF

n for all n ∈ N. Since the sequence (xn) converges to µf every cluster
point p of (xF

n ) is above µf . It follows that µf is the unique cluster point of
the sequence (xF

n ). The case where f1 ≤ f2 ≤ · · · ≤ f is analogous.
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2. Assume that (fn) converges normally to f . In order to conclude that (xF
n )

converges to the same limit as (xn) we show that limn→∞ ∥xn − xF
n ∥ = 0.

To this aim, by induction we can show that

∥xn − xF
n ∥ ≤

n−1∑
i=0

n−1∏
j=i

(1− βj) · (1− αi) · ∥fi − f∥ (9)

In fact, �rst note

xn+1 − xF
n+1 =

(
αn(xn − xF

n ) + (1− αn)(f(xn)− fn(x
F
n )

)
· (1− βn)

and thus

∥xn+1 − xF
n+1∥

≤ (αn∥xn − xF
n ∥+ (1− αn)∥f(xn)− fn(x

F
n )∥) · (1− βn)

≤ (αn∥xn − xF
n ∥+ (1− αn)(∥f(xn)− f(xF

n )∥
+ ∥f(xF

n )− fn(x
F
n )∥)) · (1− βn)

≤ (αn∥xn − xF
n ∥+ (1− αn)(∥xn − xF

n ∥+ ∥f − fn∥)) · (1− βn)

= (∥xn − xF
n ∥+ (1− αn)∥f − fn∥)) · (1− βn)

≤ (

n−1∑
i=0

n−1∏
j=i

(1− βj) · (1− αi)∥fi − f∥+ (1− αn)∥f − fn∥)) · (1− βn)

= (

n−1∑
i=0

n∏
j=i

(1− βj) · (1− αi)∥fi − f∥) + (1− αn)(1− βn)∥f − fn∥

=

n∑
i=0

n∏
j=i

(1− βj) · (1− αi)∥fi − f∥

as desired.
Now observe that the right hand side of (9) converges to 0. Let ε > 0 and
choose N ∈ N such that

∑∞
i=N ∥fi−f∥ ≤ ε/2. Now choose M ∈ N such that∏M

j=N (1− βj) ≤ ε/(2N maxn∈N0
∥fn − f∥). Then for all n ≥ M we have

n∑
i=0

n∏
j=i

(1− βj) · ∥fi − f∥

≤
N∑
i=0

n∏
j=i

(1− βj) · ∥fi − f∥+
∞∑

i=N+1

n∏
j=i

(1− βj) · ∥fi − f∥

≤ N max
n∈N0

∥fn − f∥ ·
n∏

j=N

(1− βj) +

∞∑
i=N+1

∥fi − f∥

≤ ε/2 + ε/2 = ε
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D Proofs and Additional Material for �5 (Value Functions
of MDPs and Probabilistic Systems)

Since we are we are working in the non-discounted setting, in order to ensure
well-de�nedness of the least �xpoint of the Bellman iteration functions f and
g of a MDP, which correspond to the optimal state- or state-action-values of
M , respectively, we need to restrict the reward functions by asking that when
staying inside a MEC the reward is zero.

De�nition D.1 (Proper reward). Let M = (S,A, T ) be an MDP and let R
be a corresponding reward function. We say that R is a proper reward for M if
for all (S′, A′) ∈ MEC(M) and s, s′ ∈ S′, a ∈ A′(s) it holds R(s, a, s′) = 0.

Lemma D.2. Under Assumption 3, given a Mann scheme S and an initial
point v ∈ RS

≥0, consider the iteration F = (S, (fn), v). Then, the sequence (xF
n )

is bounded.

Proof. Let us consider the iteration F ⊔ id = ((fn ⊔ id), (αn), (βn), v) instead.
For all states s, t and actions a with 0 < T (s, a, t) < 1 �x numbers

0 < T a(s, t) < T (s, a, t) < T
a
(s, t) < 1

Note that eventually

T a(s, t) < Tn(s, a, t) < T
a
(s, t) for all such s, t, a (10)

Now for a state s of M and each action a ∈ A(s) let Ra(s) := {t1, . . . , tk} be
all the states that can be reached from s via a with positive probability. For all
ti ∈ Ra(s) we add a new action b = b(s, a, ti) to M with Rb(s) = Ra(s) and

T (s, b, tj) =

{
T a(s, tj) if j ̸= i

1−
∑

γ ̸=i T
a(s, tγ) if j = i

Let N be the MDP which arises from M by adding all these new actions and
setting all positive rewards to some large R. Note that N still has the same
MECs as M , therefore its value function g has a �xpoint and so does g ⊔ id. In
particular the Mann iteration with g⊔ id in every step stays bounded from every
starting point. Thus, is remains to prove that almost surely we eventually have
fn ⊔ id ≤ g ⊔ id.

It su�ces to show that this is implied by (10). Fix v ∈ Rd
≥0 and s ∈ S, clearly

id(v)(s) ≤ (g⊔ id)(v)(s). It remains to bound fn(v)(s), let a ∈ A(s) be the action
where fn(v)(s) is maximized, then

fn(v)(s) ≤ R+
∑
t∈S

Tn(s, a, t) · v(t) = R+
∑

t∈Ra(s)

Tn(s, a, t) · v(t)

Let Ra(s) = {t1, . . . , tk} with v(t1) ≤ · · · ≤ v(tk), then successively shifting
probability mass to the maximal value, we see that

fn(v)(s) ≤
k−1∑
i=1

R+ T a(s, ti) · v(ti) +
(
1−

k−1∑
i=1

T a(s, ti)
)
· v(tk)
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= R+
∑
t∈S

T (s, b, t) · v(t) ≤ g(v)(s) ≤ (g ⊔ id)(v)(s)

with b = b(s, a, tk).

De�nition D.3 (Witness-bounded functions). A monotone function u
over RS

≥0 is called a witness if

1. for all v, v′ ∈ RS
≥0 it holds |u(v)− u(v′)| ≤ u(|v − v′|);

2. there are k ∈ N, 0 ≤ c < 1 such that for all v ∈ RS
≥0 we have ∥uk(v)∥ ≤ c∥v∥.

The function h : RS
≥0 → RS

≥0 is called witness-bounded if there is a wit-

ness u : RS
≥0 → RS

≥0 such that |h(v)− h(v′)| ≤ u(|v − v′|) for all v, v′ ∈ RS
≥0.

Note that a witness u is witness-bounded, as one can take u itself as its wit-
ness. Also, we can show that witness-bounded functions are power contractions
and they admit a least �xpoint.

Proposition D.4 (Fixpoints of witness-bounded functions). We assume
a witness-bounded function h : RS

≥0 → RS
≥0 with witness u : RS

≥0 → RS
≥0, k ∈ N,

and 0 ≤ c < 1 such that ∥uk(v)∥ ≤ c∥v∥. Then

1. h is a power contraction;
2. h admits a least �xpoint µh such that ∥µh∥ ≤ 1

1−c∥h
k(0)∥.

Proof. (1) We show that hk is a contraction with factor c. For all v, v′ ∈ RS
≥0,

repeatedly applying property (1) of De�nition D.3 and using monotonicity of u
we obtain

|hk(v)− hk(v′)| ≤ u(|hk−1(v)− hk−1(v′)|) ≤ . . . ≤ uk(|v − v′|)

hence

∥hk(v)− hk(v′)∥ ≤ ∥uk(|v − v′|)∥ ≤ c∥ |v − v′| ∥ = c∥v − v′∥.

where the second inequality uses (2) of De�nition D.3.

(2) First observe that, by the previous point, for all i ∈ N it holds

∥hk(i+1)(0)− hki(0)∥ ≤ ci∥hk(0)− h0(0)∥ = ci∥hk(0)∥ (11)

where we write 0 to denote the constant function 0.
This means that if we iterate h over 0, we obtain

∥hk(i+1)(0)∥ = ∥
i∑

j=0

(hk(j+1)(0)− hkj(0))∥

≤
i∑

j=0

∥hk(j+1)(0)− hkj(0)∥ [by (11)]
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≤
i∑

j=0

cj∥hk(0)∥ [since c < 1 and
∑∞

j=0 c
j = 1

1−c ]

≤ 1

1− c
∥hk(0)∥

Since all iterates are below a �xed bound b = 1
1−c∥h

k(0)∥, we can restrict h

to the lattice [0, b]S . By Knaster-Tarski the restriction has a least �xpoint µh
which is also the least �xpoint of the original function. Hence h has a �xpoint
µh and ∥µh∥ ≤ 1

1−c∥h
k(0)∥.

We need a preliminary technical lemma.

Lemma D.5 (Ranking MDPs). Let M = (S,A, T,R) be a simple MDP.
Then there is a function r : S → N0 such that for all s ∈ S, it holds r(s) < |S|,
r(s) = 0 implies s ∈ F (M) and for all a ∈ A(s) there exists s′ ∈ S with
T (s, a, s′) > 0 and r(s′) < r(s).

Proof. The function r can be de�ned inductively as follows.

� r(s) = 0 for s ∈ F (M);
� Assume that the states with r(s) ≤ k have been already identi�ed and let

Sk be the set of such states. Consider the set of states

S′ = {s ∈ S \ Sk | ∀a ∈ A(s).∃s′ ∈ Sk. T (s, a, s
′) > 0}.

We have S′ ̸= ∅, otherwise, if for all s ∈ S \ Sk there is a ∈ A(s) such that
for all s′ with T (s′, a, s′′) > 0 it holds s′′ ∈ S \Sk, then S \Sk would contain
an end-component, violating the hypotheses.
Then let r(s) = k + 1 for all all s ∈ S′.

Function r satis�es the desired properties by construction. In particular, since
at each step S′ ̸= ∅, there will be at most |S| iterations, hence r(s) ≤ |S|.

The Bellman operators of a simple MDP are witness-bounded, which will
shed more intuition on the concept. First, such functions are power contractions
(cf. De�nition D.3(2)) and second, observe that expectation and maximum are
the central operators of the Bellman equations and they satisfy De�nition D.3(1))
(unlike, for instance, the minimum). In fact the witness u for an MDP function
is based on an MDP with the same parameters, but setting all rewards to 0.

The fact that the Bellman operators of simple MDPs are power contractions
is probably folklore, but we could not �nd it in the literature. Here we will prove
a more general statement.

Proposition D.6 (Simple MDP functions are witness-bounded). Let
M = (S,A, T,R) be a simple MDP. Then, its Bellman operator fM is witness-
bounded.

Proof. Let us prove that fM is witness-boundedwith witness u : RS
≥0 → RS

≥0

de�ned by
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u(v)(s) = maxa∈A(s)

∑
s′∈S T (s, a, s′)v(s′).

In fact, for all v, v′ ∈ RS
≥0 we have, for all s ∈ S:

|f(v)(s)− f(v′)(s)| =

= | max
a∈A(s)

∑
s′∈S

T (s, a, s′)(R(s, a, s′) + v(s′))−

max
a∈A(s)

∑
s′∈S

T (s, a, s′)(R(s, a, s′) + v′(s′))|

≤ max
a∈A(s)

|
∑
s′∈S

T (s, a, s′)(R(s, a, s′) + v(s′))−∑
s′∈S

T (s, a, s′)(R(s, a, s′) + v′(s′))|

≤ | max
a∈A(s)

∑
s′∈S

T (s, a, s′)(v(s′)− v′(s′))

≤ max
a∈A(s)

∑
s′∈S

T (s, a, s′)|v(s′)− v′(s′)|

= u(|v − v′|)(s)

Thus, |f(v)− f(v′)| ≤ u(|v − v′|) as desired.
The function u is a witness, in fact:

1. for all v, v′ ∈ RS
≥0 we have |f(v)−f(v′)| ≤ u(|v−v′|). The proof is analogous

to the one above.
2. In order to show that u is a power contraction, we consider the function r(s)

from Lemma D.5 and prove, by induction that for all s ∈ S it holds that
ur(s)+1(v)(s) ≤ cs∥v∥ for a suitable constant cs, with 0 ≤ cs < 1.

� (r(s) = 0) In this case s ∈ F (M) and thus u0+1(v)(s) = u(v)(s) = 0 ≤
0 · ∥v∥, as desired.

� (r(s) > 0) First observe that, given any a ∈ A(s), by Lemma D.5, there
is is a state s′a ∈ S such that T (s, a, s′a) > 0 and r(s′) < r(s). Hence

ur(s)(v)(s) =

= max
a∈A(s)

∑
s′′∈S

T (s, s′′)ur(s)−1(v)(s′′)

= max
a∈A(s)

T (s, s′a)u
r(s)−1(v)(s′a) +

∑
s′′ ̸=s′a

T (s, s′′)ur(s)−1(v)(s′′)

≤ max
a∈A(s)

T (s, s′a)cs′a∥v∥+
∑

s′′ ̸=s′a

T (s, s′′)∥v∥

= max
a∈A(s)

(T (s, s′a)cs′a +
∑

s′′ ̸=s′a

T (s, s′′))∥v∥

= cs · ∥v∥
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where cs = maxa∈A(s)(T (s, s
′
a)cs′a +

∑
s′′ ̸=s′a

T (s, s′′)) < 1.

Given the above, we conclude that u|S|(v)(s) ≤ cs · ∥v∥ for all s ∈ S and
thus ∥u|S|(v)∥ ≤ c · ∥v∥ where c = maxs∈S cs < 1, as desired.

In particular, we can use Theorem 4.5 to get convergence of Mann iteration.

Lemma 5.4 (Characterising MDPs with �nite value). An MDP M has
a �nite value, i.e., its Bellman operator fM has a (least) �xpoint, if and only if
for all maximal end-components (S′, A′) and all s ∈ S′, a ∈ A′(s), and s′ ∈ S′

with T (s, a, s′) > 0, we have R(s, a, s′) = 0.

Proof. By existence of an optimal stationary policy, the value v∗M is �nite (i.e.,
fM has a �xpoint) if and only if vπ = vπM is �nite for all policies π ∈ Π(M) (i.e.,
fπ
M has a �xpoint).
Now, �x a policy π ∈ Π(M). Note that end-components of Mπ are also

end-components of M .
Assume that Rπ(s, s′) = 0 for all s, s′ ∈ S′ with Tπ(s, s′) > 0 in every

end-component given by S′ of Mπ.5

Then, we have for all v ∈ RS
≥0 with v

∣∣
S′ = 0 that

fπ
M (v)(s) =

∑
s′∈S

Tπ(s, s′)(Rπ(s, s′) + v(s′))

=
∑
s′∈S′

Tπ(s, s′)Rπ(s, s′)

= 0

for all s ∈ S′ whence

vπ
∣∣
S′ = lim

n→∞
(fπ

M )n(0)
∣∣
S′ = 0.

On the other hand, let s ∈ S be such that vπ(s) > 0. By the above, we have that
s /∈ S′ for all end-components S′.6 Then, there exists a path of length |S| to a
state s′ ∈ S′ for some end-component S′ of Mπ as otherwise, s together with
the set of states reachable from s would form an end component. Let us denote
the probability of this path by p(s). But then

max
s∈S

vπ(s) ≤ max
s∈S,vπ(s)>0

|S| ·R+
∑
s′∈S

Pπ(sn = s′ | s0 = s)vπ(s′)

≤ |S| ·R+ (1− min
s∈S,vπ(s)>0

p(s))max
s′∈S

vπ(s′)

≤ |S| ·R/ min
s∈S,vπ(s)>0

p(s) < ∞.

5 Here, we abbreviate Rπ(s, s′) = R(s, π(s), s′) and Tπ(s, s′) = T (s, π(s), s′).
6 For the sake of readability, we assume that F = ∅ (the argument is the same with
�nal states treated analogously to end-component states).
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Thus, if R(s, a, s′) = 0 for all s, s′ ∈ S′, a ∈ A′(s) with T (s, a, s′) > 0 in
end-components (S′, A′) of M , whence Rπ(s, s′) = 0 for all s, s′ ∈ S′ with
Tπ(s, s′) > 0 in end components S′ of Mπ for all π ∈ Π(M), we have vπ is �nite
for all π ∈ Π(M), whence also v∗M is �nite.

Now assume that r = Rπ(s, s′) > 0 for some s, s′ ∈ S′ with Tπ(s, s′) > 0 in
some end component of Mπ given by S′. Then, we have

vπ(s) = Eπ[
∑
n∈N0

rn | s0 = s]

≥ r
∑
n∈N0

Pπ(sn = s, sn+1 = s′ | s0 = s)

= rTπ(s, s′)
∑
n∈N0

Pπ(sn = s | s0 = s)

= ∞

since the state s is essential (see, e.g., [20]).
Thus, if v∗M is �nite, whence all vπ are �nite, also Rπ(s, s′) = 0 for all

s, s′ ∈ S′ with Tπ(s, s′) > 0 in end-components S′ of Mπ and π ∈ Π(M). By
de�nition of end-components, this gives R(s, a, s′) = 0 for all s, s′ ∈ S′, a ∈ A′(s)
with T (s, a, s′) > 0 in end-components (S′, A′) of M .

We need another technical lemma.

Lemma D.7 (Relating MDPs and quotients). Let M = (S,A, T,R) be an
MDP with �nite value, let ≡ by the equivalence identifying states in the same
MEC, with r : S → S/≡ sending each state to its equivalence class, and let
Mr = (Sr, Ar, Tr, Rr) be its quotient as in De�nition 5.5. Let fr = fMr

and

f̂r = fM̂r
, then fr = maxr ◦ f ◦ r•. Moreover, f̂r ≤ fr ≤ f̂r ⊔ id.

Proof. Let w ∈ RQ
≥0. Then for e ∈ S/≡ = Q we have

maxr ◦ f ◦ r•(w)(e) =
= max

s∈e
f(w ◦ r)(s)

= max
s∈e

max
a∈A(s)

∑
s′∈S

T (s, a, s′)(R(s, a, s′) + w(r(s′)))

= max
s∈e

max
a∈A(s)

∑
e′∈S

(
∑
s′∈e′

T (s, a, s′)(R(s, a, s′) + w(e′)))

= max
s∈e

max
a∈A(s)

∑
e′∈S

(T r(e, a, e
′)w(e′) +

∑
s′∈e′

T (s, a, s′)R(s, a, s′))

= max
s∈e

max
a∈A(s)

∑
e′∈S

(T r(e, a, e
′)w(e′) + T r(e, a, e

′)Rr(e, a, e
′))

= max
a∈Ar(e)

∑
e′∈S

(T r(e, a, e
′)(w(e′) +Rr(e, a, e

′))
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= fr(w)(e)

The second part, f̂r ≤ fr ≤ fr ⊔ id is immediate from the fact that Mr and
M̂r only di�er in the enabled actions. The �rst inequality f̂r ≤ fr is due to the
fact that M̂r has less enabled actions. The second fr ≤ fr ⊔ id derives from the
fact that the only additional actions in Mr are self-loops with probability 1.

Proposition 5.6 (Fixpoints of non-discounted MDPs). Let M be an
MDP with �nite value. Let M̂r be the reduced quotient. Then v∗M = r•(v∗

M̂r
).

Proof. First of all observe that, since M̂r = (Ŝr, Âr, T̂r, R̂r) is a simple MDP,

by Proposition D.6, f̂r is a witness-bounded function and thus, by Proposi-
tion D.4(2), it admits a least �xpoint µf̂r.

By Lemma D.7, f̂r ≤ fr ≤ f̂r ⊔ id and thus µf̂r ≤ µfr ≤ µ(f̂r ⊔ id). It is easy

to see that µ(f̂r ⊔ id) = µf̂r, since they produce the same sequence of Kleene

iterates from 0, and thus µfr = µf̂r
In order to conclude we show µf = r•(µfr). First note that r•(µfr) is a

pre-�xpoint of f and thus µf ≤ r•(µfr). In fact

f(r•(µfr)) ≤
≤ r•(maxr(f(r

•(µfr))))

= r•(fr(µfr)) [by Lemma D.7, fr = maxr ◦ f ◦ r• ]

= r•(µfr)

For the converse inequality, �rst note that if v ∈ RS
≥0 is a �xpoint of f then

v = r•(maxr(v)),

i.e., for all MECs E, for any two states s, s′ ∈ E, v(s) = v(s′). In fact, assume
that v ̸= r•(maxr(v)) and let E be a MEC where v has not the same value on all
states. Let π be a policy which �cycles� in E, i.e., such that for all s ∈ E it holds
T (s, π(s), s′) > 0 implies s′ ∈ E. Let s ∈ E be such that v(s) = min{v(s′) | s′ ∈
E} and T (s, π(s), s′) > 0 for some s′ such that v(s) < v(s′). A simple calculation
shows that f(v)(s) ≥ fπ(v)(s) > v(s), hence v cannot be a �xpoint for f .

Using the above, we show that maxr(µf) is a pre-�xpoint of fr:

fr(maxr(µf)) =

= maxr(f(r
•(maxr(µf)))) [by Lemma D.7, fr = maxr ◦ f ◦ r• ]

= maxr(f(µf)) [since r•(maxr(µf)) = µf ]

= maxr(µf)

Therefore µfr ≤ maxr(µf) and thus

r•(µfr) ≤ µr•(maxr(µf))) = µf ,

as desired.
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Lemma D.8 ([34]). Let (fn) be a sequence of contractions fn : [0, 1]
S → [0, 1]S

with respective �xpoints an and f : [0, 1]S → [0, 1]S be a contraction with �xpoint
a. If (fn) converges pointwise to f , then (an) converges to a.

Theorem 5.7. Under Assumption 3, we have limn→∞ µfn = µf .

Proof. Fix a policy π : S → A and consider the �Markov chain� Mπ together
with its value iteration function fπ : RS

≥0 → RS
≥0.

Let S′ be the set of states s ∈ S with µfπ(s) = 0 and consider

f̂π(v)(s) =

{
fπ(v)(s) if s /∈ S′

0 if s ∈ S′

Note that, if ≡ is the function identifying states in the same MEC of Mπ and
r : S → S/≡ is the corresponding quotient function then f̂π is r• ◦ f̂π. Thus, by
Proposition D.6, it is a power contraction and, by Proposition 5.6, its unique
�xpoint is equal to µfπ.

We can analogously consider for n ∈ N the Markov Chain Mπ
n , the set S′

n

and the maps fπ
n and f̂π

n . Now note that (fn) converges to f almost surely and
moreover if T (s, a, t) = 0 for some a ∈ A and s, t ∈ S then also Tn(s, a, t) = 0 for
all n ∈ N. It follows that almost surely S′

n = S′ for all n above a �xed threshold

N . But this implies that f̂π
n converges to f̂π and the same is true for the k-fold

iterations. Thus, in this case we have

lim
n→∞

µfπ
n = lim

n→∞
µf̂π

n = lim
n→∞

µ(f̂π
n )

k = µ(f̂π)k = µf̂π = µfπ

Since π is arbitrary and there are only �nitely many policies, we obtain

lim
n→∞

µfn = lim
n→∞

max
π

µfπ
n = max

π
lim
n→∞

µfπ
n = max

π
µfπ = µf

almost surely.

We �rst prove a preliminary result concerning witness-bounded functions.

Proposition D.9 (Mann iteration for witness-bounded functions). Let
h : RS

≥0 → RS
≥0 be witness-bounded. Let (hn) be a sequence of functions converg-

ing to h. Given a regular Mann scheme S = ((αn), (βn)) and arbitrary v ∈ RS
≥0,

consider the iteration Fa = (S, (hn ⊔ id), v).
If (xFa

n ) is bounded, then xFa

n → µh.

Proof. Let us write van instead of vF
a

n . Consider the iteration F = (S, h⊔ id, v0)
and let us write vn for vFn .

Since h ⊔ id is non-expansive, monotone and has at least one �xpoint, we
know that vn → µ(h ⊔ id) = µh by regularity.

In order to conclude we show that van converges to the same limit of vn.
Consider

|van+1 − vn+1| =
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= |(1− βn)(αn(v
a
n − vn) + (1− αn)((hn ⊔ id)(van)− (h ⊔ id)(vn)))|

≤ (1− βn)(αn|van − vn|+ (1− αn)|(hn ⊔ id)(van)− (h ⊔ id)(vn)|
≤ (1− βn)(αn|van − vn|+ (1− αn)(|hn(v

a
n)− h(vn)| ⊔ |id(van)− id(vn)|)

Now, if u is the function witnessing that h is witness-bounded we have

|hn(v
a
n)− h(vn)| ≤

≤ |hn(v
a
n)− h(van)|+ |h(van)− h(vn)|

≤ εn + u(|van − vn|)

where εn = supi≥n ∥hn(v
a
n)− h(van)∥ (→ 0 since hn → h and (van) bounded). We

can use this in the analysis of |van+1 − vn+1| and deduce that

|van+1 − vn+1| ≤
≤ (1− βn)(αn|van − vn|+ (1− αn)max{u(|van − vn|) + εn, |van − vn|}
= (1− βn)(αn|van − vn|+ (1− αn)(h

′
n ⊔ id)(|van − vn|))

where h′
n(v) = u(v) + εn.

If we denote by (v′n) the sequence

v′0 = |va0 − v0|
v′n+1 = (1− βn) (αnv

′
n + (1− αn)((h

′
n ⊔ id)(v′n)))

then |van − vn| ≤ v′n. Observe that for v′n we again obtain a dampened Mann
iteration.

Now, observe that εn is a decreasing sequence, converging to 0 since hn → h
(and (van) bounded). Therefore, we have that h

′
n⊔id → u⊔id monotonically from

above. Moreover h′
n is witness-bounded, in fact |h′

n(v)−h′
n(v

′)| = |u(v)−u(v′)| ≤
u(|v − v′|).

Hence by Proposition D.4 there exists c such that:

|µh′
n| ≤ 1

1−c∥(h
′
n)

k(0)∥ ≤ k
1−cεn

since (h′
n)

k(0) ≤ kεn. Hence µh′
n → 0 = µh′ where h′ = u ⊔ id.

Thus, by Theorem 4.6(1), we have that vn → µ(h′ ⊔ id) = µh′ = 0. Since v′n
is an upper bound for |van − vn| we conclude that van converges to the same limit
of vn, i.e., µ(h ⊔ id) = µh, as desired.

Lemma D.10. Let (hn) and (h′
n) be sequences of functions with hn : RS

≥0 →
RS

≥0, h
′
n : RS′

≥0 → RS′

≥0 and r : S → S′ be a function such that hn ◦ r• ≤ r• ◦ h′
n.

Let xa
n, (x

′)an be the corresponding dampened Mann iterations, for which we
assume that xa

0 ≤ r•((x′)a0). Then xa
n ≤ r•((x′)an) holds for all n.

Proof. Let w ∈ [0, 1]S
′
and s ∈ S. We �rst observe that (c · r•(w))(s) = c ·

w(r(s)) = (c · w)(r(s)) = r•(c · w)(s), hence c · r•(w) = r•(c · w). Additionally
for w1, w2 ∈ [0, 1]S

′
we obtain (r•(w1) + r•(w2))(s) = r•(w1)(s) + r•(w2)(s) =

w1(r(s))+w2(r(s)) = (w1+w2)(r(s)) = r•(w1+w2)(s), hence r
•(w1)+r•(w2) =

r•(w1 + w2).
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Using these facts we can show by induction that

xa
n+1 = (1− βn) · (αn · xn + (1− αn) · hn(x

a
n))

≤ (1− βn) · (αn · r•((x′)an) + (1− αn) · hn(r
•((x′)an)))

≤ (1− βn) · (αn · r•((x′)an) + (1− αn) · r•(h′
n((x

′)an)))

= (1− βn)) · r•((αn · (x′)an + (1− αn) · h′
n((x

′)an))

= r•((x′)an+1),

With this, we can now observe that the dampened Mann iteration for an
arbitrary sampled MDP indeed converges to the optimal value function.

Main Theorem 5.8 (Mann iteration over MDPs). Let M,Mn be MDPs
as in Assumption 3. Given a regular Mann scheme S and any v ∈ RS

≥0, consider

the iteration Fa = (S, (fn), v), generating a sequence (vF
a

n ). Then limn→∞ vF
a

n =
v∗M = µfM .

Proof. Let us write van instead of vFn . We show that the cluster points of the
sequence can be bounded from above and from below by µfM , and then we
conclude.

First of all, observe that we can assume that all approximations Mn have
the same MECs which are in turn the MECs of M . In fact, by Assumption 3,
the approximations Mn are obtained by sampling and Tn → T (almost surely).
Hence we can �nd an index n0 such that for all n ≥ n0 T (s, a, s′) > 0 if and only
if Tn(s, a, s

′) > 0 and consider the iteration starting from van0
.

Hereafter we work under this assumption, indicate by ≡ is the function iden-
tifying states in the same MEC of Mπ and by r : S → S/≡ the corresponding
quotient function.

Upper bound Let (fr) be the function associated to the quotient (Mn)r de�ned
as in De�nition 5.5. Let S = ((αn), (βn)). By Lemma D.10, the sequence (wa

n)
generated by the iteration F = (S, (fr), wa

0) with wa
0 such that va0 ≤ r•(wa

0) is
such that that

van ≤ r•(wa
n)

If we denote (f̂r) be the function associated with the reduced quotient (M̂n)r
then, by Lemma D.7, (fr) ≤ (f̂r) ⊔ id. Hence, if we consider the iteration F =

(S, (f̂r) ⊔ id, za0), with za0 = wa
0, and call (zan) the induced sequence then

wa
n ≤ zan

Moreover, it is clear that (f̂r) converges to f̂r, the function associated to the

reduced quotient M̂r of M . Since f̂r is witness-bounded and (zan) is bounded by

Lemma D.2, by Proposition D.9, zan converges to µf̂r.
Putting things together and using monotonicity and continuity of r•, we have

that van ≤ r•(wa
n) ≤ r•(zan). Moreover r•(zan) converges to r•(µf̂r) = µfM , with

the last equality given by Proposition 5.6.
We thus conclude that µfM is an upper bound for the cluster points of xa

n.
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Lower bound: Let f = fM . Consider some �xed policy π : S → A and let Mπ
n

be the Markov chain obtained by the n-th approximation of M . Clearly the
corresponding iteration function satis�es fπ

n ≤ fn. Moreover, if we indicate by
E =

⋃
n MEC(Mn), the set of states in some end-component of Mπ

n and, given
h : RS

≥0 → RS
≥0 we write hE for the function

hE(v)(s) =

{
0 if s ∈ E

h(v)(s) otherwise.

Then, if f̂π
r is the function associated to the reduced quotient (see De�ni-

tion 5.5), it holds (fπ)E = r• ◦ f̂π
r ◦maxr. Since the reduced quotient is simple,

we infer that (fπ)E is a power contraction (note that maxr ◦r• = id whence

((fπ)E)n = r•◦(f̂π
r )

n◦maxr) and, by Proposition 5.6, µ(f
π)E = r•(µf̂π

r ) = µfπ.
Consider the sequence yπn generated by the iteration F = (S, (fπ

n )
E , yπ0 ) with

yπ0 ≤ xa
0. Remembering that (fE

n )π ≤ fπ
n ≤ fn we have that

yπn ≤ xa
n

Since (fπ
n )

E converges to (fπ)E and (fπ)E is a power contraction, by bound-
edness of yπn and regularity of the scheme, yπn converges to µ(fπ)E = µfπ, which
is therefore a lower bound for the cluster points of xa

n.
The above applies to all possible policies π : S → A, hence also maxπ µf

π =
µf is a lower bound.

Given that the upper and lower bound coincide with µf this is necessarily
the limit of xa

n.

Theorem 5.10. For exact Mann schemes the sequence (xi) produced by Algo-
rithm 1 converges to the least �xpoint of f almost surely.

Proof. By construction we have

∞∑
i=1

P
[
∥fni

− f∥ > γi
]
≤

∞∑
i=1

δi < ∞

The Borel-Cantelli Lemma [8] states:
Let (An)n∈N be a sequence of events in a probability space and assume that∑∞

n=1 P[An] < ∞, i.e., the sum of probabilities is �nite. Then

P[
∞⋂

n=1

∞⋃
k=n

Ak] = P[{ω ∈ Ω | there are in�nitely many n ∈ N with ω ∈ An}] = 0

So by applying this lemma we get that

P
[
∥fni

− f∥ > γi for in�nitely many i
]
= 0

Hence, almost surely we have ∥fni
− f∥ ≤ γi eventually and by Theorem 4.6(2)

the sequence produced by the algorithm converges to the solution vector of its
input in that case.
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E Application: Simple Stochastic Games

As an example application of the technique in Section 5.4 we consider (simple)
stochastic games or SSGs. An SSG is given by a �nite set of nodes partitioned
into Vmin, Vmax, Vav and Vsink, and the following data: η : Vmin ∪ Vmax → P(V )
(successor function for Min and Max nodes), ηav : Vav → D(V ) (where D(V )
is the set of probability distributions over V ) and a map w : Vsink → [0, 1] that
assigns to each sink state a payo�. The value vector of an SSG is the least �xpoint
of the monotone and non-expansive map f : [0, 1]V → [0, 1]V given by

f(p)(v) =


minu∈η(v) p(u) if v ∈ Vmin

maxu∈η(v) p(u) if v ∈ Vmax∑
u∈V ηav(v)(u) · p(u) if v ∈ Vav

w(v) if v ∈ Vsink

As above we assume that the transition probabilities of the average nodes are
not known precisely but can only be approximated by sampling. Formally, for
each average node v ∈ Vav we have a collection of independent and identically
distributed random variables (Xv

n)n∈N with values in V and distribution P[Xv
n =

u] = ηav(v)(u) for all u ∈ V , n ∈ N. For all n we can estimate the true transition
probabilities by the relative frequency

(ηav)n(v)(u) =
|{1 ≤ k ≤ n | Xv

k = u}|
n

If we denote by fn the �xpoint function of the SSG based on (ηav)n, we have

∥f − fn∥ = max
v∈Vav

max
u∈V

|ηav(v)(u)− (ηav)n(v)(u)|

In particular, by the law of large numbers the sequence of maps (fn) converges to
the correct map f with probability 1. But more importantly � using Bernstein's
inequality or similar estimates � we can, for every δ, ε > 0 e�ectively produce an
index n ∈ N such that P[∥f − fn∥ ≥ δ] ≤ ε. Using Algorithm 1 we can therefore
iterate to the value of an SSG without knowing the true transition probabilities
by simply using approximations obtained from sampling for each value update
provided that sampling and value updates are interleaved in a suitable way.

In Section 5 we have seen by a careful analysis that for the special case
of Bellman objective functions we do not have to pay attention to the way in
which sampling and value updates are interleaved. Here, on the other hand, we
showed that our methods are �exible enough to be applicable to many other
problems which can be phrased as computing least �xpoints of monotone and
non-expansive functions. Along the lines of the example presented here, it is not
strictly necessary to redo an analysis of the new objective function as we did in
Section 5. Rather, it is su�cient to be able to e�ectively compute probabilistic
error bounds for Algorithm 1 to work.
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F Numerical Experiments

While our main goal was to merge the existing theory behind the dampened
Mann iteration and approximative settings such as model-based reinforcement
learning, with a focus on formal proofs of convergence, in this section, we want
to gain some practice-based intuition about how a dampened Mann iteration
approximates the least �xpoints and how it compares to classical Kleene or
(undampened) Mann iteration.

Here, an iteration scheme S = ((αn), (βn)) with αn = 0 will be called aKleene
scheme, otherwise (mostly, choosing αn = 1/n) a Mann scheme. It is called un-
dampened if βn ≡ 0 and dampened otherwise (again, choosing βn = 1/n in gen-
eral). Furthermore, we will consider schemes with resetting, which iterate a single
approximation from an initial point, i.e., xF

n = Tn(fn, Tn−1(fn, . . . T0(fn, x) . . . ))
without reusing previous results. We will typically start with x = 0 in a resetting
iteration.

The experiments were performed on an Intel i7-11850H processor with 16GB
of RAM.

Known function. First of all, the dampened Mann iteration does not guarantee,
in any way, faster convergence when compared to classical Kleene iteration. Its
bene�ts lie in a more general applicability not in a better e�ciency. In fact, as
to be expected when the exact function is known and the iteration starts at 0,
we can see both in a simple example using the function

f(x) = min(max(1/2x+ 1/2, x), 1/2x+ 1)

depicted in Figure 3a, as well as a more complex example using the (state-value)
Bellman operator of the Markov decision process depicted in Figure 4, that
Kleene iteration converges faster than iteration schemes using positive parame-
ters αn, βn (Figures 3b and 5a).

On the other hand, as we already discussed in Section 3, positive dampening
factors allow the iteration to converge to the least �xpoint for any initial point
whereas it is easy to check that both (undampened) Kleene and undampened
Mann iterations, in general, do not converge or get stuck at another �xpoint
(e.g., take the �ip map f(x, y) = (y, x) with initial point x0 = (1, 0)).

Unsurprisingly, this happens also when considering more complex functions.
Note that the Markov decision process in Figure 4 is not simple whence its
Bellman operator is not a power contraction. Here, starting from an initial point
that overestimates the state-values in end-components, no undampened iteration
converges to the least �xpoint. Indeed, the Kleene iteration gets stuck in a loop
while the undampened Mann iterations converge to an overapproximation of the
true optimal value function. The dampened versions, however, do converge to
the least �xpoint (see Figure 5b).

Unknown function. Now, the main focus of this paper was a setting in which
we do not have access to the exact function. In this approximative setting, we
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Fig. 3: Results of di�erent iteration schemes for an exact function f .
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Fig. 5: Results of di�erent iteration schemes for the exact Bellman operator of
the MDP in Figure 4.

already mentioned in Section 4 that the considered undampened iterations can
only guarantee convergence to the least �xpoint with resetting, i.e., starting
the iteration anew from the bottom 0 with each new approximation fn (with
carefully chosen number of iterations if necessary). We see this in Figure 6 for
the relatively simple monotone non-expansive function sequence

fn : [0, 1]
2 → [0, 1]2, x 7→ max(x, (1− a) · xn + a) (12)

where the least �xpoint µf = a of the limit function f(x) = max(x, a) was
chosen to be (3/4, 1/2). It is clearly visible that undampened iteration without
resetting cannot reach the least �xpoint, even when starting from 0 (red and
orange lines in Figure 6a with Kleene iteration converging to ∼ (0.95, 0.5) and
Mann iteration to ∼ (0.9, 0.35)). Versions with resetting as well as dampened
versions, on the other hand, do converge to the least �xpoint, the latter even
when starting from an overapproximation such as (7/8, 7/8) (cf. Figure 6b). This
also serves as a visual representation of how the dampened versions approach
the �xpoint.

Lastly, we compare the performance of dampened iterations to resetting iter-
ations on randomly generated MDPs. Figure 7a shows the results of performing
a dampened Mann iteration and an undampened Kleene iteration with resets
on sampled (state-value)-Bellman operators of one hundred randomly generated
normalised MDPs with 50 states (in equal amounts simple Markov chains, MCs
with �ve end-component, as well as simple MDPs and MDPs with �ve MECs) for
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which Kleene iteration on the exact Bellman operator took less than 1000 steps
to stop (we stop when the update < 10−6). The lines denoting the mean error
of the value approximations suggest that Kleene iteration with resets performs
better overall, but not signi�cantly better. The areas showing the 90th percentile
and maximum, on the other hand, illustrate that Kleene iteration with resets is
more dependent on the quality of the currently sampled MDP (with error spikes
at points where the MDP were badly sampled) while the dampened Mann iter-
ation reduces the variance introduced by random sampling.

The main advantage of dampened iterations, when compared to resetting
iterations, is their ability to reuse knowledge gained from old approximations.
In particular, one step n 7→ n + 1 only takes one application of TS

n (fn, ·) while
it takes n+1 applications of TS

k (fn, ·) in a Kleene iteration with resets. In prac-
tice, it might be unnecessary to compute every xF

n in a resetting iteration. In
an o�ine scenario, it might be su�cient to just compute xF

n for one n (i.e., per-
forming Kleene iteration on one approximation fn), but reinforcement learning
is most often treated in an online setting where live updates to the values are
required as new samples are generated. Furthermore, even in an o�ine scenario,
the above results showcase that the results of resetting schemes vary highly with
the quality of the current approximation, whence relying on more than a sin-
gle approximation fn might produce better results. In the context of resetting
schemes, this, of course, comes at a high cost of required runtime as is clearly
visible in Figure 7b, comparing the runtime of a dampened Mann iteration over
1000 approximation steps with Kleene iteration on f1000 (which is slightly but
not signi�cantly faster; note that the corresponding red line is almost covered by
the green line) and with Kleene iteration resetting every 100 or every 50 steps
(resulting in 10 and 20 performed iterations), respectively, on one hundred ran-
domly generated MDPs per number of states (again half of which were simple
and again half of simple and non-simple MDPs were Markov chains). The vari-
ance in runtime for each iteration scheme was mainly a result of the number of
actions in the MDP (with Markov chains resulting in the lowest runtime).
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(b) Runtime of resetting and dampened
Mann scheme on 100 randomly gener-
ated MDPs per number of states (6 �
50). The lines denote the mean run-
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imum runtime for the given scheme.
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Fig. 7: Results on sampled Bellman operators of randomly generated MDPs.
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