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Fixpoints in Computer Science

General Task

Given a function f: L — L over a partially ordered set (L,C),
compute its least fixpoint x, i.e., the least element x € L fulfilling

f(x) = x.
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Fixpoints in Computer Science

General Task

Given a function f: L — L over a partially ordered set (L,C),
compute its least fixpoint x, i.e., the least element x € L fulfilling

f(x) = x.

Applications in
m concurrency theory (behavioural equivalences and metrics)
m model checking (u-calculus)
m program analysis (dataflow analysis)

m Markov decision processes and games (computation of value
functions)
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How to Compute Fixpoints?

Kleene lteration

Given a monotone and w-continuous function f : L — L over a
complete lattice (L, C), the iteration given by

Xn+1 = f(Xn)

converges to uf for any initial point xp < uf.
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How to Compute Fixpoints?

Kleene lteration

Given a monotone and w-continuous function f : L — L over a
complete lattice (L,C), the iteration given by

Xn+1 = F(xn)

converges to uf for any initial point xg < uf.

Corresponds to value iteration for Markov decision processes:

Vatr1(s) = f(va)(s) = arenjé R(s,a) + Z T(s' | s,a)va(s)
s'eS

where f is the Bellman operator.
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Introducing Approximations

But: What if the target function f can only be approximated?
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Introducing Approximations

But: What if the target function f can only be approximated?

Sources of approximation:

Unknown / partially known system
Evolving system

Approximated partial results
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Introducing Approximations

But: What if the target function f can only be approximated?

Sources of approximation:

Unknown / partially known system

Evolving system

Approximated partial results

Will Kleene iteration (x,+1 = f4(x,)) still work? For which types of
functions? Do we need new techniques?
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Introducing Approximations in MDPs

For MDPs: How can uf be determined if the transition
probabilities (given by T) and the rewards (given by R) are not
known precisely but can only be approximated, e.g., by sampling
through interaction with the system?
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Introducing Approximations in MDPs

For MDPs: How can uf be determined if the transition
probabilities (given by T) and the rewards (given by R) are not
known precisely but can only be approximated, e.g., by sampling
through interaction with the system?

— (Model-based) Reinforcement Learning

Will a standard value iteration (with approximate T, and R,) still
work? For which types of MDPs? Do we need new techniques?
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Contractive vs. Non-expansive Functions

Contractive and non-expansive functions

A function f over a metric space (X, d) is called
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Contractive vs. Non-expansive Functions

Contractive and non-expansive functions
A function f over a metric space (X, d) is called

m a contraction if there exists 0 < g < 1 such that

d(f(x),f(y)) < gq-d(x,y) forall x,y € X,

Ongoing Work
[e]
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Contractive vs. Non-expansive Functions

Contractive and non-expansive functions
A function f over a metric space (X, d) is called

m a contraction if there exists 0 < g < 1 such that

d(f(x),f(y)) < gq-d(x,y) forall x,y € X,

m a power contraction if there exists n € N such that " is a

contraction.

m non-expansive if the above holds for g =1,

Ongoing Work
[e]
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Discount Factors and Termination

Formal results in reinforcement learning and stochastic
approximation typically concentrate on the case where we seek
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Discount Factors and Termination

Formal results in reinforcement learning and stochastic
approximation typically concentrate on the case where we seek

m the total discounted value for a discount factor v < 1, i.e., the
(unique!) fixpoint of the discounted Bellman operator

f(v)(s) = max R(s,a)+7 > _ T(s'| s,a)v(s)
acA(s) Jes



Motivation Contractive Case Non-contractive Case Dampened Mann lteration Ongoing Work
0000 0eo 00000 0000000 [e]

Discount Factors and Termination

Formal results in reinforcement learning and stochastic
approximation typically concentrate on the case where we seek

m the total discounted value for a discount factor v < 1, i.e., the
(unique!) fixpoint of the discounted Bellman operator

f(v)(s) = max R(s,a)+7 > _ T(s'| s,a)v(s)
acA(s) Jes

= f is a contraction!



Motivation Contractive Case Non-contractive Case Dampened Mann lteration Ongoing Work
0000 0eo 00000 0000000 [e]

Discount Factors and Termination

Formal results in reinforcement learning and stochastic
approximation typically concentrate on the case where we seek

m the total discounted value for a discount factor v < 1, i.e., the
(unique!) fixpoint of the discounted Bellman operator

fF(v)(s) = max, R(s,a)+7 ) T(s'|s,a)v(s)
s’'eS

= f is a contraction!

m the (optimal) termination probability under some termination
guarantees, i.e., the (unique!) fixpoint of the Bellman operator

f(v)(s):{l ifscF

MaXaeA(s) Dsies 1 ('] s,a)v(s’) otherwise.
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Discount Factors and Termination

Formal results in reinforcement learning and stochastic
approximation typically concentrate on the case where we seek

m the total discounted value for a discount factor v < 1, i.e., the
(unique!) fixpoint of the discounted Bellman operator

fF(v)(s) = max, R(s,a)+7 ) T(s'|s,a)v(s)
s’'eS

= f is a contraction!

m the (optimal) termination probability under some termination
guarantees, i.e., the (unique!) fixpoint of the Bellman operator

f(v)(s):{l ifscF

MaXaeA(s) Dsies 1 ('] s,a)v(s’) otherwise.

= f is a power-contraction!
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Results for (Power) Contractions

Generalized Banach Fixpoint Theorem

Given a sequence (f,), of contractions f, over a complete metric
space (X, d) converging (pointwise) to a contraction f, then
wufy, — pf and the sequence

Xn+1 = fn(Xn)

converges to uf for any initial guess xg € X.
This result even holds for the more general class of (non-expansive)
power contractions.

v
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Non-contractive setting

Given a sequence (f,), of monotone and non-expansive (w.r.t. the
supremum distance) functions f, : ]Ri — Ri converging
(pointwise) to a function f.

Compute a sequence xp, X1, . .. that converges to uf, only using
the approximations f, of f.




Motivation Contractive Case Non-contractive Case Dampened Mann lteration Ongoing Work
0000 000 90000 0000000 o

Non-contractive setting

Given a sequence (f,), of monotone and non-expansive (w.r.t. the
supremum distance) functions f, : ]Ri — ]Ri converging
(pointwise) to a function f.

Compute a sequence xp, X1, . .. that converges to uf, only using
the approximations f, of f.

Remarks:

m We also want convergence if uf only lies in (R U {oo})?
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Non-contractive setting

Given a sequence (f,), of monotone and non-expansive (w.r.t. the
supremum distance) functions f, : ]Ri — ]Ri converging
(pointwise) to a function f.

Compute a sequence xp, X1, . .. that converges to uf, only using
the approximations f, of f.

Remarks:
m We also want convergence if uf only lies in (R U {oo})?

m Non-expansiveness w.r.t. the supremum distance covers many
interesting cases: termination probabilities and non-discounted
returns (with non-negative rewards) in general Markov chains,
MDPs, and stochastic games, behavioural metrics,
quantitative p-calculi,. ..
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The problem with over-approximations

0.5

0.5 1

fa(x) = max(x,0.1+0.9/n)
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fa(x) = max(x,0.1+0.9/n)
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The problem with over-approximations

os| ()

0.5 1 01

fa(x) = max(x,0.1+0.9/n)

We have uf, = 0.1+ 0.9/n — 0.1 = puf, but iterating with any f,
will over-estimate pf and further iterations will never decrease it.
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Resetting Schemes

Idea: Approximate f ‘far enough’ and iterate with approximation f,
from bottom.
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Resetting Schemes

Idea: Approximate f ‘far enough’ and iterate with approximation f,
from bottom.

Xn = fnkn(o)
where k, — oo.

In Reinforcement Learning: Certainty Equivalent Method (CEM)
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m No online algorithm
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Resetting Schemes

Idea: Approximate f ‘far enough’ and iterate with approximation f,
from bottom.

Xp = £X(0)

n
where k, — oo.
In Reinforcement Learning: Certainty Equivalent Method (CEM)
But:

m No online algorithm

m When is it ‘far enough'?

m Uses the assumption that uf, — uf
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fo(x) = (1 = Un)x + 1/n
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Non-continuity of

0.5

N

0.5 1
Fo(x) = (1 — Yn)x + Un

We have uf, =1 -» 0= uf.
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Least fixpoints of MDPs

Faultless Sampling

A sequence M, = (S, A, T,, R,) of MDPs approximating an MDP
M = (S,A, T,R) is called being generated through faultless
sampling iff for all s,s" € S, a € A(s)

m T(s'|s,a) =0 implies T,(s' | s,a)=0

m R(s,a) = 0 implies R,(s,a) =0
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Least fixpoints of MDPs

Faultless Sampling
A sequence M, = (S, A, T,, R,) of MDPs approximating an MDP
M = (S,A, T,R) is called being generated through faultless
sampling iff for all s,s" € S, a € A(s)

m T(s'|s,a) =0 implies T,(s' | s,a)=0

m R(s,a) = 0 implies R,(s,a) =0

Continuity of p under faultless sampling

Given a sequence (f,), of Bellman operators of MDPs generated
through faultless sampling of an MDP with Bellman operator f.
Then, uf, — uf.
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Introducing Dampening to the lteration

(Kleene) Iteration
Xn+1 = fn(Xn)
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Introducing Dampening to the lteration

Dampened (Kleene) lteration

Xn+1 = (1 - Bn)fn(xn)

The parameters 3, € [0, 1] are dampening factors that fulfill

n—oo

lim 6,=0 and Zﬂn:oo
n=0

Standard Choice: 5, =1/n

Ongoing Work
[e]
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Introducing Dampening to the lteration

Dampened (Kleene) lteration

Xp+1 = (1 = Bn)fa(xn)

The parameters 3, € [0, 1] are dampening factors that fulfill

nILrgoB":O and Z_(:)Bn:oo

Standard Choice: 5, =1/n

Intuition: a form of 'vanishing discount’, but there is always

Ongoing Work
[e]

enough 'power’ left to decrease a current over-estimation to the

true least fixpoint.
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Main Results

Convergence of Dampened Iteration

The dampened (Kleene) iteration converges to uf if
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Main Results

Convergence of Dampened Iteration

The dampened (Kleene) iteration converges to uf if

m uf, > pfandd=1

m u(supys, fk) = uf
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Main Results

Convergence of Dampened Iteration

The dampened (Kleene) iteration converges to uf if

m ufy, > pfandd=1
m u(supys, fk) = uf

B D ey 1fa(xa) = F(xn)]| < o0

Ongoing Work
[e]
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Diverging lterations: Example |

(o Do

Given the sequence (f,), of functions f, : [0,1] — [0, 1] defined by

fa(x) = (1 = Yn)x + 1/n.
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Diverging lterations: Example |

(o Do

Given the sequence (f,), of functions f, : [0,1] — [0, 1] defined by
fa(x) = (1 — n)x + /n.
The iteration

Xp+1 = (1 = Y/n)fp(xn)
converges to 1/2 # 0 = uf.
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Diverging lterations: Example Il
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Ongoing Work
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Given the sequence (f,), of functions f, : Ri — Ri defined by

_ (max(0, y), x) if n even
o) = {(maX(Om —2/n),x +2/n) if nodd
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Diverging lterations: Example Il

OB
b - —~

Given the sequence (f,), of functions f, : Ri — Ri defined by

_ (max(0, y), x) if n even
o) = {(maX(Om —2/n),x +2/n) if nodd

The iteration
X1 = (1 = 3/n+1)fo(xn)

with x; = (0, 1) diverges with cluster points (1,0) and (0, 1),
whereas uf = (0,0).
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Convergence under faultless sampling

Convergence of Dampened lteration (for MDPs)

Given a sequence (f,), of Bellman operators of MDPs generated
by faultless sampling of an MDP with Bellman operator f.

Then, p(supys, fk) — pf.

In particular, the dampened (Kleene) iteration converges to uf (for
any initial guess).

v

The same result even holds for (simple) stochastic games.
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Introducing Learning Rates

Dampened (Kleene) Iteration

Xp+1 = (]- - 5n)fn(Xn)

Ongoing Work
[e]
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Introducing Learning Rates

Dampened Mann lteration

Xnt1 = (1 = Bn)(Xn + an(fa(Xn)—Xn))

Ongoing Work
[e]
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Introducing Learning Rates

Dampened Mann lteration

Xnt1 = (1 = Bn)(Xn + an(fa(Xn)—Xn))

The parameters a, € [0, 1] are learning rates that fulfill

lim Bnfa, =0
n—o00

Standard Choices: o, = a > 0 or oy = 35,6 € (0,1)

Ongoing Work
[e]
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Introducing Learning Rates

Dampened Mann lteration

Xnt1 = (1 = Bn)(Xn + an(fa(Xn)—Xn))

The parameters a, € [0, 1] are learning rates that fulfill

lim Bnfa, =0
n—o00

Standard Choices: o, = a > 0 or oy = 35,6 € (0,1)

Ongoing Work
[e]

Intuition: do not completely trust the current approximation, but

keep the update large enough to be able to counteract the
dampening.
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Main Results

Convergence of Dampened Mann lteration

The dampened Mann iteration converges to uf if
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Main Results
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The dampened Mann iteration converges to uf if

B u(Supys, fk) = uf
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Main Results

Convergence of Dampened Mann lteration

The dampened Mann iteration converges to uf if

B u(Supys, fk) = uf

B D en @nllfa(xn) — F(xa) || < 00
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Main Results

Convergence of Dampened Mann lteration

The dampened Mann iteration converges to uf if
m p(Supysn fi) = pf

> nen @nllfa(Xn) = F(3n)l < 00

.

Existence of Converging Parameters

Let (f,)n be a sequence of monotone and non-expansive functions
converging to a function f.

Then, there exist parameter sequences (), and (8,)n such that
the dampened Mann iteration converges to uf.

A\
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Main Results

Convergence of Dampened Mann lteration

The dampened Mann iteration converges to uf if

m p(Supysn fi) = pf

> nen @nllfa(Xn) = F(3n)l < 00

\,

Existence of Converging Parameters

Let (f,)n be a sequence of monotone and non-expansive functions
converging to a function f.

Then, there exist parameter sequences (), and (8,)n such that
the dampened Mann iteration converges to uf.

If we can compute upper bounds &, to ||f,(xn) — f(xn)|| with
€n — 0, such parameters can also be computed on the fly.

A\







m Chaotic iteration

Xn+1(i) - {Tn(xn)(i) if i € Sn

Xn(1) otherwise.



m Chaotic iteration

m Infinite-state systems

. N N
f:Ry =R}



Ongoing Work

m Chaotic iteration
m Infinite-state systems

m Negative rewards

f:RY 5 RY
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Ongoing Work

m Chaotic iteration
m Infinite-state systems

m Negative rewards

f:RY = R, but pfy # Vy
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Ongoing Work

m Chaotic iteration

Infinite-state systems

Negative rewards

Stopping criteria

For e > 0, find n € N with ||x, — uf|| <e
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Ongoing Work

m Chaotic iteration

Infinite-state systems

Negative rewards

Stopping criteria

m Model-free learning

fa(q)(sn, an) = rn + max q(s),a)
a'eA(s))
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Ongoing Work

m Chaotic iteration

Infinite-state systems

Negative rewards

Stopping criteria

m Model-free learning

fa(q)(sn, an) = rn + max q(s),a)
a'eA(s))

= fp~f
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Ongoing Work

m Chaotic iteration

Infinite-state systems

Negative rewards

Stopping criteria

m Model-free learning

fa(q)(sn, an) = rn + max q(s),a)
a'eA(s))

= foof,butnd fr—f
k=1
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Ongoing Work

m Chaotic iteration

Infinite-state systems

Negative rewards

Stopping criteria

m Model-free learning
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